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• Become familiar with DFAs and NFAs.

• Become familiar with the concept of Closure.
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Question 01

Give the formal specification of a DFA for the following language:

L = {0}⇤ over ⌃ = {0}
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Remember
0

90 Formal Definition:B=(Q, 2,6,90, F)

①:finite setofstates
E:finite setalphabet
8:Qx 2 Q

9. E Q:startstate

F =Q:setofaccept lor
final) states.

DFAD

D =(5903.303,8,90,3903).



Question 02

Give the formal specification of a DFA for the following language:

L = {w 2 {a, b}⇤ | w is any string not in (ab+)⇤}
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We can startby constructing a DFA thatrecognizes (ab)*, andthen

use the complement) to getstrings notin Cabt)8

step 1 b why? Not:a, b, aa, aab, bb,
bba, aba, etc.

91

A
a

b In:2, ab, abb, abbb, etc.
92

A

↳ 90
b

93 a,b

BFA Di

step 2

Thus, this DFAD, recognizes L.

D, =3390,9,,9219,3,2ab3, 8, 90,390,923)

Step 3
Now we can complementthe previous BFAB, by switching accept andnon-accept states.

b

91
a

A b

92
A

↳ 90
b

93 a,b

DFADz

Step 4
We can now write the formal specification ofour BFA D. for language 2.

Note:This is very important! Why? Words andstructure matters! Always be precise. "

Da =(Q, 2,8, 90, F), where

Q:390,9,1921923
2: 2a,b3
8:Definedby our state diagram.
90:90

F:39,1933



Question 03

Consider the following state diagram:

BStart

A C D

✏

✏
1 0,1

0

(a) Is the string 0011 accepted by this state machine? How about 1100?

(b) What is the language of this machine?
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M, M2

M

0Oll B Acannotread string
B C read 0Oll with C loop transition

B C 1 cannotread string after the first0

No, itis not accepted.
1108

B Acannotread string after the firstandsecond (

B C read 110 with c loop transition
D

Yes, itis accepted.

Letour machine be M.

We can view our machine Mas two machines, letus say M, andMe.

1 M, accepts any string containing any number ofonly 1s,

thus, 313% 1, 11, III, etc.

* M2, accepts any binary string ending in 0,
thus, 30,1390.

100, 10, 0, etc.

Therefore, we can use union to create ((M).

Note:Itis importantto include

((m) =3130,1393 0 such thatXin our statement.



Question 04

Design an NFA state diagram for the following language:

{w 2 {0, 1}⇤ | w contains 00 or 11 as a substring}
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We can begin by defining whatis andisn'tinclude (i.e., build

Our intuition).

Not:0, 1, 2, 01, 10, etc.

In:00, 11,0011,000, 111, 1111, 110, etc.

0,1
0

0 9,
0, 1

93

90 h I

92

NFA N

startstate cannotbe an acceptstate

Next, we remember thatan NFA does notrequire all transition to

include the the entire alphabet andallows multiple state outputfor a single
element.

So, we wantto require
80 or 11 be present.

07 0

We note thatwe now wantto allow any
combination of0.1 before andafter our

require substring.
0, 1

i.e., notallow 0,01, etc. butallow 000,0100.

so we need to have a self loop of (0,1) andan exitfor 0 and I

Thus, we obtain our NFAN, thataccepts our language.



DFA Union Closure

Regular languages are closed under union.

What does “closed” mean?

A set S is closed under operation O if O(S) 2 S.

Let S = {a, b, c}. Define O as such: O(a) = b, O(b) = c, and O(c) = a.

Notice that applying O yields elements that are all in set S. So S is closed under
O. If O were defined the same but O(c) = z, then S is no longer closed under O.
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Example
Letus assume

the following:
0, 1

l

91 0, 1 90
90

Ma
M.

so, a language his regular ifthere exists a BFA thatrecognizes t.

Thus, 2(M,andL/Mu) are regular by definition.

Thought
Is (m.)0((m.) regular?How wouldwe know andprove?

Idea

since we know the definition, we can prove by building a DFAfor our union language.

We can begin with "gluing"the
states together.

M, 50 I

I 0,1 90909,

90,90
9,,90

9, 9. 9,

0 DFAM Ma
80 I

909090

We include All accept states in either M, OR Mr.
so, they become acceptstates in "glued"states.

Therefore, we obtain a DFAM thataccepts ((M)
=((m,)0(<M2).

Andwe can see thatitis regular by
definition. E



Kleene Star Proof

Prove that regular languages are closed under Kleene star.
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Review

We remember thatkleene star is the concatenation ofa set d or more times with itself.

e.g., 28 =3e3ULULLULLL0...

In class itwas show thatregular languages are closed under concatenation.

biha is regular if L, andLa are regular.
For kleene star, we can take La=h, so we have 4.2, since L, is regular than h4, is regular.
Idea

b
A Given BFA Du

Dr =3 Qr, 3,80,98, F-3
b a a,b

Remember there is an
A b we can use general prooffrom class.

equivalentNFANu Thus, itcould stay the same.

We now can create an NFAN to recognize (*

N=30, 5,8,90, F3

Addnew startstate go:qnew, qnew
will also be an accept state (i.e., qnewe F).

So, ynew
will transition to startstate ofD, via 3 (i.e., 8 (quew, 3) =40").

E
A b

9new

The Final States ofB. Will transition to newly addedstart state quew via E (i.e., 6(a,3) =

qnew,
ac F.).

E
A b

9new

E

Proof

Ifis a regular language, there
exists a DFA Do which recognizes L.

Di
=3Q, E.,6,,90, F, 3. 36, (g,a)3,9 Fqnew andat3.

We construct an NFAN thatrecognizes (*. S(q,a) = E 5qnew3, 90e F, a =E.

N=30, 2, 8, 90, F3. 5903,9:qnew, a =E.
Where,

Q =Qu U 3qnew3
M

90 =9new

F =F, U 3qnew3
We define 8 so thatfor any

State qt Q anda e En.
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Correctness
E

General Idea

E A
9neo Du

M

We wantto show that

18 ?((N) E

LetWEL, W=W,Uz...., Un Where Vie L or v
=E.

Since 90EF, s is accepted by N and...

Since 6(a,3):90, a = F, and8 (qnw,9) =90
Nwill loop around to the startstate ofDe andfollow the states andtransitions to only acceptstrings
U: EL giving We L.

Therefore, ILIN).

Now we wantto show that

L) =78

LetWELIN). When computing we starta quew
followed by 9.4, then the computations follows Dr, and

finally the computation en in a final state ofDu, FitFr.

This computation can end immediately in gnew, which would accept E.
Otherwise, th computation ends in Fi, accepting seL or

any number ofconcatenations of swhen the computation loops from Fi to
quew.

Therefore, LIN) =LY
M

L L

e -
9new, 90,..., F., 9new, 90,..., Fa, qneu,...



Reduction Discussion

Reduction...

Problem A: Will Ammar Brush His Hair?

Problem B: Is Angela Happy?

Reduction:

A �! B “A reduces to B”

The outcome of A relies on the outcome of B.
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