


olontourpl.tlconvert between a contour plot and the graph of a function

Multi -variable functions & Contour Mots

Graph of ?
= f (× , y

) = ✗' + ya
one output

^
^

Two Inputs

A contour is a fixed height f4 ,g) = C

Example :

Blue : Lower values

Yellow : high. valus
-

7.= flx
,g) = ✗2- ya _

" Ï -
, .

.

.

"
"

We define Interior
, Boundary and Exterior points ,

both for 2D and 3D regions.
{✗amples on th domain and range of functions that depend on two or three variables .

Partial derivatives : Function> of several Variables

Suppose D is a set of n - tupb of real number, (×
,
,
× , , . . . .

✗
n ) .

A Real - Valued function f on D

is a tale that assigna a unique value

Dependentvariable • W = f (x , , X, , . . .

.
✗
n
)

y
=P (g)

Independent
variables

to each Element in D
.

Th set D is the Domain of th function f. Th set of w
-valus that I gives is th functions Range .

✓



Consider first W -_ f4
, , × , g

Z=f(xiy)

^
s

E- flxiy)

<' .
< • s

v ✓ Range
Domain

Example : ' E- × -

y i Domain : y# × .

^

< >

✓

② 2=-1
y
- ✗
2

; Domain
:

y
- ✗2>-0

Range:[0,0) or y
>
- ✗

a

3 E- Sinlxy) -_ Play) ; Domain : R'

Range : -1
,
-11

Now Consider W=f(✗
i. ✗" X ,

) ; W = flxiy ,
-2) (xiyit) ED.

je v. flxiyit)

s☐

"ë" > y { • >

✗
< RongeYxiyit)

Example : ' W -

_FÉ i domain -

- R
'

range
= 0.x)

a W= xylnlz) I domain : -2>0
, Eveythingabovethxy- plane

range : taco )

✓



Definition : A point (X. ,y . ) in a region R in R
'

is an Interior Point of R if it is
th centre of a disk of positive radius , that ties complet.ly inside R .

/
r

eoGo
, go) is a Boundary Point of R if

euery disk
that ?⃝ pWe can centre at (x. , yo) contains points that are inside R

aswell ob th point that lies outsider . Hoy. )

^

Furter
.
A
region in th plane is Banded if it lies inside

⑨ >
a disk of finile radius

.

^.^Example : Z = f-(xy ) =

y
- ✗
2

µm"Domain :
y
>
- X
'

, Range =

0,0

L )

It is unbounded ! v

Definition : A point (✗ ☐ , yo . -20) in a region
Rin Space (À ) is an Interior Point

of R if it is th centre of a solid ball that ties entire} in R .

R
]

R r
^

Interval, { ' • s

' .ï¥
. .

? ?
{ • s

•
•
r

,IR )

L • s - ïoË "

Î R
' L

finite

>
Disks

, Spherical

We define and look at an example of erd Curves and Contour Curves
Furter

,
we workout an example on Level surfaces

functions of several Variables % Shadow : t'+5=100 - C ,

it
-
loo

,

Contour Curve

Example : 2- = f-(✗ g) = 100 - ✗2- y
'

; z > 0

.

.
.
-
-
'

.

' &
.
.
..

2-=L ,
for Z = 0

, ✗
<
+ y
? =/00

.
. -
- - - - - - . . . . .

. 2- = Ca • Level Curves
E- 100- ✗2- ya fake z=c ,

io

⇒ 100- ya - ya = C ,

10 j' i
'

•

>
Y

a
<

×
s

( 100 - c) = ✗
'
+ yz ✗

'

ey
'
= 100

radius = 100 -C ,

ii.iii.iii. iii.:-.
,Suppose W -

- il /× , y ,
-2 ) = ✗4g

'
+ -2
?

Setting u =L
⇒ ✗

'
+

y
' -1-22 = à Level Surfaces <



100%Quiz on 14.1

|
.

Z-_flx.yl-_X2_yZ@z-_oWhatdothlevelcurveslooklikeP.Hyperbda
two Intersect Lines

2. Domain & Range : E- f4 , g) = ✗ +

y

First Quadrant
, 0,0 Ky 10

3. Level Surface hlxiyit) - ✗4g
'

hlxiyiz) --4 ✗4- y
'
--4 ✗

'
+ y
' -4=0

An infinie vertical Cylinder of radius 2



14.2 Limit of Multivariabk functions

Demonstrate a limit does not exist by Ending two appropria
te patins .

Limitsofmultivariabkfunctions

f4
,y
) = ✗ y

✗
'
+ ya Problematic at (0,0) !

lim f4
,g) = ? ? ?

(Ky) → 10,0 )

Restrict to line
y
-
-×

= ✗ y = f- (x) = X
'

= ✗
2

> lim
✗ → o

2¥ = 1g
✗
'
+

y
' ✗4×2 2×2

Restrict to line
g-
-×

= ✗ y = f- (x) = - X
'

=

- ✗
2

f.m
- x
'

l
>

✗ → 0 2×2
= -

2
✗
'
+

y
' ✗4×2 2×2

If flxiy ) has two different limits along two different paths (Xy)
> (Kiyo )

then

lim f4
, y
) does not exist .

(Xy)
> (Kiyo )

Qwest.vn/-:-How do we define a limit existing at a point ?

Question 2 : Suppose that approaching doing any STRAIGHT
line gives

th same value
.

Does

th limit necessary exist ?

State th common Limit Law> for multivariable functions

Apply algebraic tricks like factoring and radical conjugale to solve a multivariable Limit .

Algebraically Showing Limit Exist

Example him = 3.1+1 =
1

( Ky) -D ( i ,z )
3×4 /

2g 2.2

✓



Suppose : lim flxiy) = and lim glxiy ) - M y
KEIR

lxiy) > ( crib) Kay) ' lais)

lin ( flxijl-iglx.gl) =L -1M lin ( flxijloglx.gl) = LOM
( ✗g)→ (aise) ( ✗g)→ (aise)

lin flxiy ) = if M¥0 lin Kf4 ,y)
= K

( × ,y)
-Mais} g(× ,y) M (x ,y)

→ lais)

Suppose: lin f4
/ g) =L and gtx) continuous at L

IX.g) → (crib)

Then : lin
4.y)→(a.b)

9#✗ iy))=g( L )

Example lim
ix. g) → (zig )

✗ J' -3g
? -12×-6

3g - ✗
y

= lim
ix. g) → (zig )

✗ J' -3g
? -12×-6

yl ] - x )

= lim ( ya + a) (× -3)
ix. g) → 13,21 yl] - × )

= lim - (
y
' -12 ) = -3

(✗g) → Uid ) y

{✗ample lim ✗ + y -4 .
✗ + y

+2
(Hy)

> HP)
✗ +
y
-2 ✗ +

y
+2

✗ +y
-14

= Lim
(Ky)

> (ya)
( ✗ +Y -4) ( ✗ +y

+2

✗ +y
-14CX.ly#--limTx-y+2

(Hy)
> (2,2)

✗ +y
-14

= F+2 +2=4

Example lin Sinking )
(✗g) → (Oit)

= Sin (F) =D



Epsilon - Delta definition of limit
Bosic law> of limit

linkedin.nuity.int/igherDimensionsPart1limf(
× ) =L .

✗→ a

^ v > y
= f4)

Th limit of f4 ) cs ✗ approaches a is th number L
,
i. e. , L - - - - - -

- -

1f (x) - LI LE
^

lin ✗ → a f4) =L .

) (

a

>

If
,
for

euery C- > o
,
the exists a corresponding

8>0
,
such that

Ix - all 8

f- (x ) - L L E Whenever o l x - c < 8

Now lets fake a- function that depend, on two variables : f4 , y) .

We Sag that a function Flay) approaches th limit L os 4. y
) approaches

( Xo , yo) ,
i.e. ,

lim f- ×
, y

=

(Xy)
' (Xo , Yo )

NEW!

if for
euery

c- > o
,
Here exists a correspondions 8 o

,
such that for all (x , y)

in th domain of f.
. .

f4
,y
) - E Whenever O (x - ✗d' + Ç -

y.
)
'

8

f4) - L L E Uhnever previously on MATH 100 . . .
0 × - a 8

Example flxiy)
ny- oui > R

/✗ojyo ) s

[Ë > ix. y) { • >

> ✗ -axis UN

C-

Radius = 8

y
= flx)

Note :
i

D= (x - ✗☐
l' + (y

-

yo)
' ' '

✗ = a

{ >



imit aw>

Suppose limflx , g) = and lim glx.gl -- M ,
KER

.

(
Xy)

> (Xoiy . ) (Ky) ' (✗oiy.)

s

1. lim flxiy) + glxy) = M
.

IX. y
) > (Xo ,y . ) 7

2. lim Kflxy ) = K
.

IX.y)
' Holy. )

)

3. lim
""" ' Hoy. )

F" 'Y)°g(✗y)
=

.

1

4. Lim
(Hy) slxoiy . )

F /✗ ' Y) = °

,
= 0

.

glxiy )
n

n

5. lim =

; ni > a positive integer .
""yl > IX. y . )

XX
,y)

6. lim
( ey)

six
. ,y . )

=

"

or

""
ini> a positive integer and if n i ,

eventhn L must be positive.

Example I lim X - xy -13

y
-> 1-

' " ' Y'
" '" " Kyi g- ✗g. y

]

'
✗ → °

] lin y

= lin # X - Xy -13
(xingtai) X

limxt ✗
'

y -15kg
-

y
]

= lin
.
(
y
)

= 0 - (a) (1) +3 lin, ( x )

(a)
'
(1) +51014) - ( J)

]

= 1/1 = 1

= 3- |
] =-3

2 lin ✗
'
+ya

IX.g) → 13 , -4)

= lima ✗Hy
?

= (3)
'
+ (-4)

'

=

25 = 5



{✗amples on algebraic method for computation of limit,

Example on Two - Path method for di>proving a limit

Limib&ContinuityinHigherDimasiæPar

Example lim ✗2- ✗y
4.g) → 10,0) fx - Ty

= limo ✗2- ✗yrx-iryrx-ryrx.ir
= lima (✗ a- ✗g)(Fxiry )

( rx )
'
- Cry )

'

= limo ✗ (x -g) (Kary )
( x -y)

= 0

Example lim
""g)→ (o.o)

Xy

✗Ziya

Using Polar Coordinator . . .
X = rco> 0 , y

= r sino

r
'
= ✗ + y
'

#y
) > 0 ogive t > 0

= lim
r-so

(Koso )( r sino )

tacos? + r
'
Sin ' ①

= limo tacos Sino

r

= limo ( r Cos① sino ) = 0
.

Example lim ✗ DNE Suppose ueapproach 10,0) through th line
g- ×

IX.g) → 10,01 Y

lim , / %)
= limo ( Mx ) = 1-

•

, ,

✗ = rcos
, y = rsin 0

⇒ lim ( nos =l.in/tan0).DNE-Nowletsapproachthroughy---xr-0rsinO
r-10

lima ( YA ) = limo / - ✗4) = - |
•

⇒
,
DNE



Example lim 2x'y ☐NE
^

( ✗ g) → (0/0) ✗
"
+

y
'

L )

Lets approach ( o.o) through Parabola> g-
Kx '

v

limo 2x 'y
✗
"
+

y
a

= lin
, 2×2 ( Kx' ) For K --1

, limo 2x'y = 1

✗
"
+ ( ki)

?

✗" +ya

= lin 2K×
" Kid

, lima 2x'y = 4
y✗ → °

✗" + K' ✗4 ✗" +
y
'

= 2K

/ + Ka

Note: * Having th same limit dong , for example ,
all straight lines approaching (Kiyo )

DOES NOT imphy that a limit exists at ( x
. . yo ) .

Example lim ✗
'
-

y
?

IX.g) → 1010) ✗
'
+

y
'

using Polar!

= lim rios? - r
'

sino

r→ 0 plus + t'sino

= lima ( co> ' O - Sin
' )

=

Cos (20 ) ,
DNE

two - Path Method is any used to prove the non-existence of a limit at ( xo , yo ) .

Continuity of a function of two - variables

Limit> & Continuity in Highe- Dimensions Part 3



Continuity :

A function f is Continous ont ✗ = a if . . . A function f is continuous at (xoiy . ) if . . .

1- lin f4) exists
.

I lim flxiy) exists .

✗→ a IX. g)→ ( Xo /yo)

2 fis oell defined at a . 2 flxiy) is Welt defined at (Kiyo) .

3 lin f4) = f- (a) .

3 lin f4
,y)

= f4
. ,y . )

✗ sa (Xy) → (Kiyo)

""P
"

f4
.g) =

{ ans ×:S
.

.
4.
y
) = "

'
"

O
,
(× , y

) = (0,0)

Discuss th continuity at (0,0) .

' Is flx.gl defined at (o.o) ? Yes !

2 limflx.gl ? DNE
( ✗g)→ (0,01

lim
, flxy) = lima axy#j

using Polars
: > = lim Sin (20 )

r-10

=

lim draco, sino = Sin (20) DNE
r-so

t' ( Cos' + sino )

Play) is continuous at euery point except at 10,0)
.

Continuity of composite functions

If flxiy) is continuous at (x . / y .
) and gtx) is a jingle variable function that is

continuous at flxoiy. ) ,
th th composition of functions

> at

flxoiyolh-gof-glflx.gl)
in

is continuous at (Yoyo )

Example: f4 , g) = ✗ -y , gtx)
-

e
"
. flxiy) = ✗y ✗41

, gtx) --sinxh-gof-glflx.gl) = e"
-

Y
,
Conti nous . h -- gof = glflxy)) = Sin ( ✗y / ✗41 ) ; continuons



QuizohH.LI
.

lim
4.y/

→ ( 1,2)
J×°+"-B = -3/1 = - z

yx
-×

2. lin xy
(Ky) -110,0) 2×2+42

= °

0

(rcos Ursino ) = r ( co> a)(sino ) = Cousin = DNE

2Mf05 + zpzgin
(dr43rZXC050-is.no) gp

g- × ⇒ Ê*=Y5

3. f- (✗
g.
2.) = ✗ 2+1

y
>
+ -22 - |

All points that are not on th infinite Cylindro yet-271



14.3 Partial Dérivative>

Visualize Partial Dérivative
Compute Partial Dérivative

Partial Dérivative

fx.jo is a one - dimensional function
.

Just depend> on × .

Jf dflx.gl
JX (✗nyo

d"
✗ =✗o

> Partial of fu/ respect to × .

or del F over del ×
.

f(Xo
, y
) is a one - dimensional function .

Just depend, on y

Jf dflxo.gl)
JY Ho

, yo) dy y
-
- y.

sécant line
Jf

ex .

d FH'À /
✗× .DX (✗nyo

dx

• flxoiyo)

limflxo-h.yolflxo.jo )
h > 0

• fxoth , yo) h

ex
.

J 3×4
' 6×5

JX ^

yisa
constant

v1 respect tox .

What about other direction> than parallel to ✗ andy ?



Computing Partial Dérivative using Limit definition and Rulers of Différentiation
Partial Dérivative and Implicit Différentiation
Mixed Partial> (Higherorder Dérivative)

microsoft.T-mph.ci/-Differentiation.and--igher0rderDer
y=f(x )

^
Q( a-1h , Flattr) )

for a function
g-
f-(x)

,
we had

. . . Plairait
•

•

↳
dx

= limh-soflx.ch) - flx) h

h
✗= a Kath

)

And
. . .

↳ dx * a
= J'(a) = limh.no flath) - Ha)

h

lxo.yo.flxo.y.dz Jf = lim f4
.
-1h

, yo
) f(yoyo)

E- f4.gl DX (yoyo )
t'→ ° h

( Xo -1h , yo , f40 -1h , yo))

{
G- yo

Note : Jf =L.mil/xo,yo+h)-f(xo.yo )
✓

"

•• dy Hoy. )
" ° h

•

is
•

✗ g-yo

Hoth, y#oiyo
)

y

Notations : Jf J lxoiyo)
JX (Kiyo) ,

dx
,
fx ( × . ,y. ) ,

l'✗ (Xojo)

Example flxy) - Xy ,

"↳ = ? at (x . ,y. ) Similady df = × .

Jy lxoiyo)
"tgx ( ×

. ,y. )
= lim f(✗

☐
+hiy. ) - flxo

, yo
)

h-30

h
= lim # Hoth) . go

- Yoyo
h

= limx. hly . ) h

=

yo

✓



Example 1 2f /Jx and Hay at th point (4 , -5 ) if flxiy) :X + zxy + y -1

Jfk, = %✗ (✗2+3✗y + y - 1)
= %✗ (✗2) +2 /zxtsxy ) -i %✗ (y

) - %✗
( l )

= 2×+3y
+ 0+0

= 2×+3
y ,

> dfldx Ca
,
-g)

=

2141+31-5) = 8-15=-7

Jf/jy (4
,

-5)
= 13

Example 2 ff/Jy as a function if flx
, y )

-

-

ysinxy

HAY =
d'

tdy y
. sinlxy)

= Hay (y) • sinlxy) + y %ylsinlxy)) : Product Rute!

= sinlxy) + ycoslxy) "aytxy)
Note : dldy ( dy)

= sinlxy) + ycoslxy ) . À = 2 dldyly)
= 2

= sinlxy) + xylo> (Xy)

Example ] find fx and fy ☐ a function if f4
, y)

= 2g ( y
+ co> × )

Aby = (
yeux

) "Igby ) - ( dy ) Hay /JIÎSÙÎ
(
y
+ co > ✗)

Z

i (
y
+ vs x) (a) - (g) ( i )
(
y-1 (osx )

?

=) Âtlzy = Ico>× = > Jfk = 2ysinx
(y+ co>×)

'

(y+
(Osx) '

Max = fin f(✗ +h , y
) - flxiy)

h-10 h

Example 4 dz /d'✗ if It equation yz - lnz = ✗ +y
defines 2- os a function of th two independent

variables x and
y nd le partial dérivative exists

.

2- = flx
,y
) Explicit !

faking th dérivative of th equation wl respect to
×

, on both sicles .

Remonter : ✗Hy
? =L ; g- flx )

⇒ dldx / ✗
<
+

y
' ) = dldx (l )

= > 2x +2yd] / dx = 0
✓ ⇒ dis /di, =

- ✗ / y a ¥4) = "Hdx



Ha, (yz) - %✗ ( lnz) = Hax (x) + Max (y )

= >

y dtldx - ¥ "% = 1 + 0

⇒ "Hdx y
- Yz = 1

⇒ "% = 1 (
y
- Yz) = Z (y-2

- 1)

Example 7 A.Rz , Rs Connected in parallel to make an R

th value of R
. . .

R - F ( R
, ,
Ra

,
R] )

YR = YR
.

" YR
,

+
'/Rs

find JR / JR
,

when R
,
= 30

,
Roi 45

,

and R
,
= 90

NO no

Hara ( YR) = Harz ( YR
,

) + Har
, / YR,) + Hap, ( Yp, )

= > -Yp? od%R
,

= - Ypj

⇒ aRtgp
,

= (RIR,)
?

R | 130,45
,
90 )

2

⇒ DR /2R, (go , 45,401
=

45

=
' Iq

Example 9 If Flay ) = ✗ cosy
+ yè ,

find th second - arder derivatives

d' ftp.p
,

d' ftp.yi ,

d'Flagy ,
d'May 2x

d'flap = %✗
(Max )

,

d' ftp.ydx = Day (Max) Max = %✗ [ ✗ cosy + yé ]
=

cosy + ye
"

Note : fy,, = (f) × ; 2%42, = %
, (Max ) Àb×=%× (

cosy
) +% (yé )

= Otye
"

= yé
inner mod

"

touer mat Iast Ine
^

first one

> f-
✗ ✗

=
d'% ✗

a =

ye
"

theorem If flxiy) and its partial derivativesfx.ly/V-xy
and Fsx are defined throughout an open region containing

"Maya = Yay (Max ) = %y( cosy -iye" )
(Kiyo) and all continuous at (Kiyo) then

. . .

= -

Sing + e
" ( l)

= -

Sing + e
"

#
Y (x . . yo )

% Hoyo )



Example It find fyxyz if

ftp.zt-1-2xy?z+xayfy=-4xyz+x2fyx--Hax-ly)---4yz-2x
fyxy = %y / fyx ) = -42-+0 = -4£

fyxyz = 212£ (fyy ) = -4

Compute partial dérivative and limita for
piecewise

- defined functions
Contrast th relationship between Continuity and partial derivativeswl that of single variable functions

Continuity vs Partial Dérivative vs Different. ability
f10 tox

, Otay)
- f10,0 )

Single Variable : ' = 2f /ax
, .
.
. .
DX + 2f/dy o.o,

•

Ay
+ E

,
Ux) + [zlsy)

Discontinuous ' Not Différentiable
= 0+0-1 E. (sx ) + {a ( Oy ){fait- { ! ¥:
0-1=0+0-1 E. (Sx) + Ez (Xy)

Multivariable : so not différentiable !
(

%'
' )

•
(hi . ' )

flxy) -_ { 0 . ✗ y =/ 0

1
, ✗y

= 0

lim
( ×

, g)→µ ,,
il /✗

'y
) along th path g- 0 So discontinus at ( o.O ) m th limit

hors different values along different paths !
= limo 1 = 1

lim
ix.g)→ ( o.o)

il /✗
' Y
) along th path g- ✗

µ ,

f10-1h
,

o ) - f10,0 )dftdxo.io , = lim
h

= lin. 0=0 = limp (1-1) /h = 0

LA tdy o.o ) = lin f10,0 -1h ) - f10,0 )
mo h

= limo (1-1) h = O

so discontinus at 10.01
,
but partial > exists !



"

Define " Differentiability of a multi variable function see th nde below

Illustrirte th relationship between different,- ability , partial dérivative ,
and Continuity

Different .- ability of Multivariable function>
Approximation Error

f
'

(x. ) : lin flx. -1h ) - f4. ) s flash ) - flxo ) = f
'

/×
.
/h + E (h)

h-10
h

where lim Elh)
= 0

h-10

•

flxol h

Elh)

•
FCXO -1h )

h

Note : flxo
, yo -11g)

- flxo
, yo
)

lin f4
.
+h

, yo
) - F (✗

☐ yo
)

h→ o
h = May ix. g.)

°

Ay + Ez ( Dy )

lin flxotox
, yo
) - F (✗

☐ yo
) > f- (xotsx

, y.
) - Flxo

, yo)
Ax→ 0

DX

= 2ff,, µ
. ,y. ,

☐ DX t E ,
( x )

Approximation
Error

if is différentiable at Ho , yo) if . .

flxotsx
, yo

+ by) - F /✗oiyo )

= dftdx
( *g.)

°

✗ +
"by ( ×

. ,y, ,

°

y
+ E. ( Dx ) + Ea (Dy)

Where lim E. ( Dx ) = 0
,
lim
g-so

Ea ( dy) = o

↳ -so Dx by

theorem If Hax and Hay are continuous on an open region R
then if is différentiable on R

.



Quiz on 14.3 100%

1. dtdy 4×35 + × ( 1,3)

= 8×3
= 24

✗ 2
. dftdy ix. g.) TRUE ?

☐ Th Slope when construired to a fixed x- value . X

☐ Th Slope when contained to a fixed g-
valve

.

☐ Th Slope uh noviny parallel tu te ×- axis .

☐ Th Slope uh noviny parallel to Ky - axis .

✗

}
.

Z function of × andy ✗
'
-

y
?
+ -22-2-2=4

find d-4dg (2. 0,0 )

Nay ( x' ) - Nay /g) → alayhi ) - Nay Laz) : Hay /4)

O - Ly + Iz dtldy - 244dg = 0

2 2- dit/dy
- 244dg = 2g

= 0

dztdy [22--2]=2,
d- 1dg = 2g Kaz -2)

4. flx.gl = ( ✗ + g)es third dérivative If /d'ydx att origin .

'

dy (Hax )

ay / et )

dy ( es )

= et to
, o , o

'

= 1



4.4 Chain Rute

Compute th dérivative of a multivariable composition .

Intro to Multi variable Chain Rute

Remembrer ID Chain Rute : Dependency Diagram

dfgx Fg x g
'

×

dx
awWaxI r aw

ay
df dfdg

✗ y aw Wdx dgdx
, n ax i r au

^
aw dz

dx dy dyConsider
dt at × y zt

^

r dy ^

W=f(✗ ( t) , ylt )) at
dx d ?
dt dt

t

single variable functions

Chain Rute :

dw
= dwdx 2W dy

dt dxdt dy dt

Suppose I make a small change t

Get a small change ✗ = ¥ t

AND a small change yî % t

wa ?? ✗ cornes from ✗ changes >
wa ?? ¥ t cornes from ✗ changes

wa ?} y connes from y changes > Wa ?} ¥ t cornes from y changes

Example : W =# g) = ✗
'

y ,
✗ (f) = (21-+1)

, y / f)
= t ]

=

Hyo 2 + ✗ 2.31-2
= 2121-+111-3.2 + (21-+1)%31-2

Worthing through example on Multivariabk Chain Rute.



Chain Rute

Example : W = ✗y , ✗ = cost
, g-

Sint @ t -- Ha

Khare ¥,
-

- ¥
,

-¥ + ¥ ¥
dx

① = > ÊT = y = Sint
, JJ = ✗ = cost

, *
= - oint

,

"
% = cost

Now we get die = Csintltsint) + ( cost )( cost)
at

=
-soit + cost

⇒ %- = co> lat)

= > dit = co> (2.Ma ) = - t
dt t-_ F12

Example :
w = ✗
y-1-2 , ✗ = cost

, y
-

- sint
,
-2 -- t @ t' O

Ue have If -- ¥
,

-¥, + aç # +
du "

dzdtdwHx-y-s.int
, May = ✗ = cost

,

"bz = 1

Hdt = -sint
,
doldt-cost.dz/dt-- 1

⇒ dwld,_ = (sint X-sint ) + (cost)(cost) + (1)( l) = Costaf)+1

⇒ dwldt = costo) +1 = 2
7=0

Example : " /ar and Has in terms of r and s " f419 , -2 ) W = Flay ,

z )
•

v. ✗+2g +2-2 ,
✗ = HS

, y : r
?
+ lno

,
2- = 2r

.

°

. .

÷./% /¥ ¥./± /¥
•

d-Y
• •We can write :

× y
Z

✗ y
Z

2% = ?_? ¥+35 # + E. ¥ ☒
¥ %. ☐ %

☒ as 2s
2r

r ds
s

%, = ¥. ¥+35 # + E. ¥

✓



2W /2x = 1 2×12, = 4g 2×12, =
-rlj

242g = 2 Blair = 2r Blas = %

awfdz = 2z dttgr = 2 Et/as = 0

This all gives . . .

Similar/
y .

.
.

awtdr = (1) l'b) + (2)(ar) + ( az )( a ) aw/as = ( i)/ -Msi) + (a)(Ys ) + (az)(o)
⇒ 4g + par ⇒ 21g - t /gz

Différentiation of T-mplicil.ly defined Curves and surfaces
.

Chain Rute

Implicite Différentiation : j' + y
-

- ×

Suppose we have a Curve defined imph.ci/.y;thatisF(x,y)=o ⇒ ! (yay) = # ( x )

2g
↳ldx + dis /dx = 1

Îakiny "dx on both Siders
.

dis /dxlay-111=1
dyldx = 1112g - 1)

=> dldxffx
, g) = %✗

( o)

⇒ d'%, % ( x) + Yay % (g) =D

= > dy =
- 2F12 ✗

=
- fi,

dx 2F /ay Fy

Example : ya - x
'
- Sin(✗g) = 0 % / y

'
- à - sinlxy ))

--0

Let Flay) -

-

y
"

- ✗2- sinlxy) => 2g dsldx - 2x - co> (✗g) Hdx (Xy) - O

the imph.ci/-lydefinedcurvenowbecomesF(x.y)=0--72ydY/dx-2x-cos(✗g)[y + ✗Hdx = 0

F, = 2F /☒ =
- 2x - Coo /✗g) (g) => ↳ /dx = 2x +

y a>
(xy)

Fy = 2F /
ay

= 2g - co> (✗g) (x) 2g - ✗ co> (xy
)

dyldx = -Elfy = > dyldx = 2x + yioslxy)
2g - ✗ co> (✗y )

v



Implicitly Defined Surfaces :

Now suppose that we have an implicite defined surface
.

F4
, y ,
-21=0 ; 2- = Flxiy) ( explicit forn)

Taking th dérivative on both sicles wrt
. ×

,

Max F4
. g. z
) = %✗

(o )

n
O

⇒ 2F12✗ %✗
( x) + 2kg %✗

(g) + 2%2-72×61=0
= 1 IZ/z×

⇒ 2%, = - 2F/2x =
- Fx provided that Fz to !

2F/az
Fz

Similar/
y . . .

221g =
-F9 Provided that E- =/ 0 !

F-2

Example Hax and May at (0,0/0)

✗3+2-2 +
ye
#
+ 2-cosy

= 0 > ①

We fake

ftp.zt-XS-ZZ-iye#+zcosy--'dF/zx--3xi-yzexZjdF/ay--e"
-

Zsiny j 2F122-
= 22--1 ✗ye

"
+

cosy

⇒ 22-12, =
- Fx

Fz

=

01 = 0

(0/0,0) (0,0/0)

⇒ 2212g =
- Fy = -1 1 = - 1

10,010)
fz 101010 )



Quiz on 14.4 100%

✓1
.

f- (✗y)
-

- ✗J' v1 ✗ (f)=P and yltl -- t - t

dfldt
1-= - t

2f12 ✗ •

d'Mdf + aftgy . Hdt

(2×5)/21-7 -11×24×-1)

24-44-that) -1 (+42211-1-1/-1)

61-5 - lot
"

-14f
]

= -20

✓
2

.

2- = EN w / ✗ -- at -is and
y
-

_ Hs

dzldt Mat Hbt
1- =/ , > = -2

( e"g) ( d ) + (eux )/ "s )

etat""
""

( +g)(a) + é
" """"

(at») ( Ys)

= - t

✓ 3.dz/ay ( 1,2 , -d) ✗2+5+-22=9

2712g = -

Fslfz

2172g = 2g = -2g /2£

2f/zz = 22 = -"Mata)
= 1



14.5 Directional Dérivative,

Interprete definition of directional dérivative,

Compute direction / derivatives using th gradient Vector>

Directionat Dérivative

What.is/-hslopeinany direction ?

2-

y

Z

✗

Fix a direction à -- u
, .ua ,

where IÙI --1 .

✗ (s) -_ ✗ ☐
+ Su

, y

y(d) = yo -1542

Dùflxoy. ) = lim f(✗ ☐
+ su

, , yo + su, ) - f4. / yo )
S-so

s

= d flics) , yls) ) + ☐
Example : flx.yt-2-xa.gr @ ( % ,

- %)
ds indirection à :(Ya ,

Ya )
.

= 2f dx
+

2f dy Dùflxo ,y. / =L
- 2x

, -2g> (% ,

-%)
• (%

,
Yrz

2X doigt ds dy ( xoig . )
DX

=L-1,1 > • (YE
, KE

= 2f u
, +

2f u
,

=D

DX (Kyi ) dy IX. y . )
Z

Lef f- Max ' Kay , thigradientoff
" '

Dùf /× . /g.) = fix.y.i.it
y

✗



Interpret th geometric meaning of th gradient rector
Describe the relationship between tangent and gradient Vector along a level Curve .

Geometric hearing of th Gradient

( Contour Curves

( level Curves )

Suppose along a Curve Flt) = ✗(tlingit) j
that FIXCH

, ylt)) = C .

d f- ( ✗ (t)
. y (t ) )

= d (
dt dt

2f dx
+ 2f dy = 0

a × dt
2g dt

2f
^

, + dfj .

DX
^

, +
dy j = O

2x dy dt dt

>
•

f. di = 0 <
v

'

at '

Tangent .Normal •

Remembers
. . .

° Smallest magnitude Zero when 0=11-12
.

Dùf (✗
☐ , yo ) = f ix. y. }

• À

i.e. di dt is direction of minimum Slope .

= f Û Cos

° Largest magnitude one when 0=0
.

i. e . F is direction of maximum Slope .

L



Definition of Directional Dérivative ( limit and using
th gradient)

Directions of not rapid change
Tangent line to level Curves

Directionat Dérivative and Gradient Vector,

the dérivative of Fat PH
. , yo ) in 2- = flx

, y
)

the direction of th unit vector ✗ = ×
.

+ su
,

Û = u
, it, is th number . .

. y
= Yo + Suz

df
= lim f4. + Su, , g. + su,) - flxo ,yo) Ù = U

, , Uz

ds
po
" °

s

Provided th limit exists
.

So
. . . flx

, y)

¥
df

= lim f4. + Su, , g. + su,) - flxo ,y.) • ×

•

Kay
ds

po
" °

S ✗ • • Y

%,
•

%,Where Z = f- (✗y) i ✗ = ✗☐
+ su

, i y
=

yo + Suz

Sdf
= 2f

.

dx +
2f dy

ds 2x ds ay ds

Dùf = fp • Û
= 2f

,
2f

.

dx
, dy P

"

gradient" of 2x dy d> ds

=

"

2f
,
2f

• U
, | U2

2x dy

=

-

f. Û where
- F = f×

, fy

We have ( Dû f)
p

=

-

fp ☐ Ù

=
-

f
p

Ù Cos 0

=

-

f
p
cost

I At each point in th domain off, th maximum value of th direction / dérivative connes when CaO = 1
.

F increase> mostrapidly in th direction of
-

F at P
.

2 f decreuses mostrapidly in th direction f.



3 Any direction à orthogonal to
-

fi> th direction of Zero change .

/ ' f
p

= O
.

)

Suppose we have a Smooth Curve Mt) :(✗ (t) , ylt) ,
s - t

f- ( ✗ (t) , ylt) )
= ( i -2 = flx

, y
)

⇒ d f / ✗ (t) , ylt) )
= O

-

F- 4ff
, fy

dt UÈ?⃝ Àf- =L- fy ,
Fx )

⇒ 2f
.
dx

+
2f dy = 0

dx dt 2g dt ✗ = ✗
☐
+ tffy ) Http

y
:

go
+ 1- ( fx )

⇒
-

f. di dt = 0

W Y

⇒ X - ✗ ☐
= y- y. = > (x-X. ) Fx + ( y- yo ) Fy

= O

- Fy Fx

Equation of tangent line .

Summary
( DÛ F)

pas . ,y . )
=

non
f- (✗

☐
+ su

, , yo
+ Su

.

- flxo
, yo
) j Û = v1

, ,
u
,

and tu / = 1
.

s

( Deif )
p

= t' f) poli ; J'f- % ,
%
,

F increase> (décrues) mostrapidly in the direction of
'

f
p
t - fp

(X -x. ) d- × + (
y
-

yo
) Fy

p,*g. ,

= O ( Equation of tangent line )
PH
. igo )

I. Hiltl ) =

_

FIRTH) . dildt

Example> on :

Directional Dérivative (by limit and using th gradient )
Directions of must rapid increase and devreese

, and Zero change
Ending tangents on leve Curves

Directional Dérivative

✓



Example : using th definition ,
find It dérivative of

fl x
, y)

= ✗
a + ✗y

at f11,2 ) in th direction of th unit rector

U
,

U 2

Ù = ' Ira
,
Ha

Remembrer : ( Dû F)
pu. .g.)

= lim f- (✗
☐
+ su

, , yo
+ Sua

- f40
, yo
)

S-so
s

= lim ( / + %)
°

+ ( ti Yra ✗ 2 + Yra ) - i + (1)(a )
>→ 0

s

= lin ( l + % + Mra ) + ( a+ % + % ) - 3
>→ o

s

= lim ( s + Mra )
>→ 0

(Drif )
, ,
, ,,

= b-
a.

Example : Find th dérivative of f( ✗ g) = xé + cas /✗y) at th point 12,0 ) in th direction
of Ù = { 3

,

- 4)
.

For I =L]
,
-4s

(Daf )
p

= (Jf )
p

° Û = Hil = { 31s
, -41s

1f / = 5
.

(✗ o , go)
-

_ (2,0)
,
à = { %

,

-%-)

-

f- = 2f ,
2f = é - Sin (✗g)(g) , ✗es - sinlxy) ( x )

2x dy

⇒
'

f
µ , , , ,

= { 1- 0
,
2) = { 1

,
2)

⇒ (Daf )
, , , ,

= (Jf )
p

• Û : ( I. 2) • {%
,

-% = - 1

Example : Find th direction in which flxy) : ( ✗Ya ) + (gila )

a) intruses moot rapilly at th point (hl) , and
b) dureses mort rapilly at th point II. 1) .
c) What are th directions of Zero change in if at ( ti ) .

✓



a) Jf = LA
, , fy ) = (×

, y
) j = > Et , , , ,

= lit

Û = ( til ) =

Ypg , Ypg is th direction in which fincreuses mort rapidty .

" ' il >

b) F decreuses moi. rapid, in
H direction - Yra ,

- Yra
.

c) Direction of Zero change is th direction orthogonal to ff p

À
,
=

- Ha ,
Ha

g

-

fp = {I
,
I

and

in
.
= l'Ira

,

- Yra

Example : find un equation for the tangent to th ellipse ✗% +

ya
= 2 at th point 1-2,1 ) .

We have (x - ✗a) À
p

+ (
y
-

yo fy p

= 0

Consider if ( ✗g) = ✗44 +

y
'

-2
= > f4

,g) = o = > ✗Yy +

y
'
= 2

f ✗ = 2f = y
a , fy = 2f = dy

2x dy

2f12×
p

= Fx
p

= - t
g dftdy

p

= Fy
p

= 2

With ✗
☐

= -2
, yo =L ; ( ✗ + a) (- 1) + ( y - 1)(2)

= O

-

X - 2 + 2g - 2=0
= > -✗ +2g = 4

Example : a) find th dérivative of flx.az) = ×
]
-

Xy
'
- Z at Po ( I

,
I
, O) in direction of E- la

,
-3,61 .

b) in what direction does f change most rapid} at Po ,
and what are th rates of change in these directions ?

f- = 2%
×

, dftgy , Haz

a) Û = VIII = 47 2
,
-3,6

- f = {3×2 - y
?

,
-2✗
y ,
-1 = >

-

F
p

= 2
,
-2

,

- t

⇒ (Dif )
p

= 2
,
-2

,
-1 ° 47 2

. -3,6

= 4/7+47 - % = 4/7

v



b) The direction in which if incrasses must rapidly is :
(Dorf )

p

=

-

fp ° Ù
-

F
p

=

'

f
p

Cos
°

À
p

Tte direction of must rapid decreases.is : In the two cases . . .

-

-

F
p

(Dû f)
p

= ±
-

f
p

-

F
p

th rate of change in th aboie directions are , respective} :

-

f
p

and
-

F
p



Quiz on 14.5 100%

I. flx . g) = ✗es at (3,0 ) j :L-4,3 )

j' = -4/5,3/5

et
,
✗ et

= 1,3

1,3 ° -4/5,3/5

= 1

2. hlxiyz = co> (g) + e
"

+ lnlzx ) at Pill
,
O

.
Ya ) t' = 1,2 ,

2

Û = 1/3,2/3,2/3

-

f- = { Yx - ysinlxy) , EYZZ - ✗ sinlxy) , éty + Yz )

1
, 42,2

= 2

3. Direction Dérivative flxiy ,
-2 ) : ✗ e

"
-1 -2°

, flx.y.zlincreosesatf-ll.tn/a),Ya )
-

f- = et
,
euh

,
2-2

= (2,211

= 22+22+12

=3



14.6 Tangent Planes and Linéarisation

Compute the equation of a tangent plane at a point on a surface of th form 2- = f4 , y ) .

Equation of Tangent Planes

Goal : A plane that meets at z. = f4 . . yo and is " dose
" to

E- f4
. g)

"

nearby
"

.

Equation of Plane : À . pop = 0

-
a ( x -x. ) + bly- y. ) + c (2--2-0)=0 % À (Xo

, yo )(X - X
.
) + § ( ✗ ☐ , yo

)(
y
-

yo
) + Z

.

= Z

Example

(hoose ( = -

la
(x - x

.
) + b (

y
-

yo
) + -2.

= Z

A Linear function L (x ,y)

Plug in y = yo

a (x -x . ) + Zo = 2-
Tte Equation of a line

Linear approximation with a = À (✗o , go)

Plugin ✗ = ×.

b (y
-

go
) + Zo = 2-

Linear approximation with b = fy (X. ,%)

Example f4 ,g) = 2- ✗2-y
'

@ ( Ya
,
Ya )

Z
.

= f1 Ya
, Ya ) = 2- (Ya )

'

- (Ya)
'

= Va 2- = % - I (x - Ya ) - Il y - Ya )

f-
✗
( Ya

,
Ya ) = -21% ) = - I Equation of the tangent line !

f
,/Ya ,

Ya ) = -2 (Ya) = - |



Equation of thTangent Plane
Equation of the Normal Line

Linéarisation of 2- = Flxy) using th Tangent Plane
Total Differential

Main Formulas

Equation d- a Tangent Plane

Suppose Mt) = xlthylt) , 2- (t) be a Smooth Curve on th level surface
f- (× , g. z)

-
- C

,
and that f4

, y ,z
) is différentiable function

.

Po = (×. . Yo ,
Zo ) is a point on th tangent plane . il

d f ✗ (t)
, ylt) . 2- ( t)

= ( c )
dt dt

f
p

o
di = 0
dt
p

that meam that Jftp. can be used as a normal Vector to th tangent plane i.e. ,

n = ftp. ,
Fy

p.
I
F-2

po

th tangent plane at th point E- (x. go ,
z.
) on the level surface f4

, g. 2-
) = c is this given by ,

Fx
p
.

(X - X . + il p.ly - y. ) + ftp. (Z- Z. = 0 Remember À . Pop = 0

If ⇐ f- (✗y )
= f /✗y) - Z = O ,

In this case :

2- = Zo + Fx
p .
(x - X

.
) + Fg p.

(
y
-

yo
)

where Z
.

= f4
. / y. )

Equation of th Normal Line

The equation of the normal line passing through th point A = (x. . yo , -20 ) in th direction of
- F

p.
is given by ,

✗
= Xo + f-

× p.
t

y =

yo + f-
y p .
t

Z = Z
.

+ Viz
p.
t

Mt) = À + toi



Linéarisation

th equation of th tangent line is given by ,

y
_ f- (a) = f

'

(a) (x - a)

y = f- (a) + f
'

(a) (✗ -a) =L (x )

the equation of th tangent plane is given by .

2- = f4
. , yo
) + À

p.
(x - x. ) + fyp.ly - y.

Th linéarisation of flxy) at Po is :

L (x ,y) = f (x- x . ) + À
p.

(x - x . ) + ils p.ly - y. )

total Differential

Remembers : dy = f. (x )
d×

✗ = a

' dy = j' (a) d×

(✗
☐
+ dx

, yo + dy )
If we more from (×

. , y.
) to a point ( ✗☐

+ DX
, yo

+oy ) , thn . . .

df = f-
×
µ
, ,, ,

DX + ils
a. , ,,

dy

is collect the total differential of f.

Summary

Equation of tangent plane : Fx
p.
(x- x . ) + fyp.ly - yo ) + ftp. ( Z-Zo ) = 0

2- = f4
, y
) : Z = f- (✗ ☐ , yo

) + À
p.
(X- X o ) + §

p .

(
y- yo
)

Normal line : ✗ (t) -_ ×
.
+ À

p.

ot
, ylt) -- y. + fyp

.

. t
,
2- (t) : -2

.
+ fzp

.

. t

Linéarisation : L /× ,g) = f4. ,y.) + À p.
(X- X . ) + fyp.ly - yo )

Llx
. g) a f4 .g)

Total differential : df = ftp.dx-fyp.dy '

L( x
.
+ DX

, g.+☐y) - L (✗ o , go
)



Computing examples on :
Equation of thTangent Plane
Equation of the Normal Line

Linéarisation of 2- = f- (✗y) using
th Tangent Plane

Total Differential

Example>

Example Tangent plane and Normal line of th level surface . . .

flx
,y ,

2- ) = ✗
'
+ j' + Z - 9=0 @ 4,2 , 4)

We have th equation of a tangent plane : Fx
p.
(x- x . ) + fyp.ly - yo ) + À p.

(2--7)=0
-

f- =
2×

, 2g ,
1 = >

-

f = 2
,
4

,

I
Po

⇒ Th equation of th plane is
. . .

2 / ×- 1) +4 / y- 2) + 1/2--41=0

⇒ 2×+4
y
+ z = 14

Th equation of tn normal / in at Po :(1,2 , 4) is :

✗
= Xo + f-

× p.
t

y =

yo + Fy
p .
t

Z = Z
.

+ Viz
p.
t

this
gives

:

✗ = 1 +2T

y
= a + 4f

2- = 4 + t

Example plane tangent to th surface 2- = ✗ cosy - ye
" @ (0/0,0)

Let glx ,git) = ✗ cosy
-

ye
"
- 2- = O

Jxp.
( x - ✗a) + yyp.ly- yo ) + gz p .

(2--20)=0 OR 2- = flxo
, yo ) + À Kay. )( x - x . ) + fylx. , yoXy - yo)

f10,0) = O

v



d' f
= cosy - ye

"
=) 2f = 1

① ✗
2X 10,0 )

'df
=
-

xsiny
- ex ⇒ 2f = - |

dy dy lo , o )

Required equation is . . .

2- = 0+11×-0) + 1- 1) (go)
= > ✗ -y

- 2- = 0

Example Th surfaces Flxiy , z) = ✗' +ya -2=0 AND glx , y ,
-2) = ✗ + z - 4=0

weet in as ellipse . find ti parametres equations Forthlin tangent to this ellipse @ ( 1.1.3)

th direction Vector oft tangent line can be found by doing . . .

v =

- f
(µ , } )

-

J ai
.»

= 2×1 } '
°

a
,
,
,],

l' ° ' '
iii. 3) %

= 2
,
-2

,
-2 •

- fth parameter equations of It tangent line at (1,43) , with direction
Vector Y :(2

,
-2

,
-2 ) is then

given by :

✗ = 1+21 ; y
= 1-at : 2- =3 -at

Example find thlinearizationofflx.yl-_X-Xy-iYayi-3@G.a) .
Th linéarisation f4 , y) for u surface 2- = Flay) at (X. , y. ) is . . .

f4
,g) = flxo , yo

) + À IX. g.)(x -x. ) + § /× . , g.)(y- yo)

f13,2)=3
?
- (3)(2) + % (2)2+3

= 8

242 ✗ = 2x -
y

= fx
,»,

= 213)-2=4

May = -✗ + y = §
, , ,,

= -3+2 = -

⇒ f4
, y)

= 8+44 -3) + C- Illy -2)

⇒ Il × ,y
) = 4 × -y -2

f4
,g) a bling)

v



Example find thlinearizationLlx.y-zlofflx.y.zl-_x2_xyt3sinz@Hl.O )
L (× , y , 2-) = FIK , yo , 2-a) + À (x. . yo , -20) ( X - X.) + fy (Yo , yo , -2.Xy -go) + À (✗ ☐ , yo , -2.

)(2- - Zo)

f- (2. 1,0) = 22 - (2)(1) +0=2

À = 2x -
y
⇒ À (2.1.0) =3 ; § = -✗ ⇒ ff12,10) = -2 ; f- =3cost ⇒ § 12.1.0) =3

⇒ Il × . g.z) = 2 + 31×-2) + 1-2)(y- 1) +3 / z - o )

= 3×-2
y
+32--2

Example {stimule tn change : cylinder H r --1 ,
h --5 dr = -10.03 and dh = -0.1

{stimule th tesultiny absolute change in It volume of In can .

•

r

df = À
p.
dx + À

po dy
h

va du = Vr ( I.5) dr + Vn ( I.5) dh
À KFR2 . h

Vr = 21T rh , Un = Ira

V1 (2117h)
, , , ,

10.03) + (Ir' )
, ,, ,
f0.1 )

= 0.21T

a 0.63in
}

Example Estimaite th change : cylindrica h = 25 and r = 5
.

Hao sensitive are th tanks ' volumes to small variations in height and radius ?

dr = Vr(5,25) dr + Un / 5,25) dh ✓ = Tr? h

Vr = 21T rh
= (2Wh)

,, ,, ,
dr + lait

,, , , , ,
dh Vin = Fr2

= 2501T dr + 251T dh

dr -- 0 du = 25# dh change in ln by 1- unit
,
d'rit , changes volume by 251T

dh =D dr = 250 Mdr variation of I in dir gives
du = 250T

Volume is to Times more sensitive in this case!



Quiz on 14.6 2.813
0.6/1

0.811

I. TanyentplanetotrsurfaceZ-_-Vlx.yI--X-j@U.Z)
7f :( si

, -2g )
2×-2 -4g -14=0

=L? ,

-4) 2×-452
??

>21×-11+(-414-2)=0 +1 2° -

_ F4
. /yo)

2. LA .gl flxiy) -- Xy" @ 11,1 ) :X
'
- y
"

= (1)3- (2)
2

f11,1 ) = 1 =-3

aflax = zxj" =3

aftdy = 4×33=4

flx
, g) = 1+31×-11+4 / y - 1)

= 3×-3 -14g -4+1

-

- 3.x -14g - 6

0.67/1
3. Paramlric Equations of Tangent lire

✗ + j' + -2=2 andy =/ @ ( K ,
I
,
K )

l
, 2g ,

| 0
, 1,0

1,2
,
| ✗ 0,1 ,

0

ÎJ K

, z ,
= il- 1) + j / O - O ) + Û ( l )

O 10 = - lî , OJ ,
1- Û

BS

✗ = Yz + - 1f L "
Assume coeflicinti> negativo

"

y
:| -10f

2- = 42 -11f



14.7 Optimization

Main theorem> on fincling maximums and minimum for a function of two variables

Optimization and th second Dérivative test ( Extreme Values and Sadde Points

Let f4
, y) be defined on a region R containing a point (ab) , thn

• Fla
,
b) is a local maximum value off if Fla ,

b) F (×
,y) for all domain points (x, y) in a open disk

centered at (a. b) .
• Fla

.
b) is a local minimum value off if if / a.b) f4

, y
) for all domain points ( ✗y) in an open disk centred at (a. b) .

An interior point of th domain of flx , y) where both Fx and if
,
are Zero or at least one of Fx of if do not exist is a

ritiapint of f.
A différentiable function f4

, y)
has a saddle point at a critica/ point la,b) if in euery open disk centredat la ,b)

there are some domain points (xy) where if (x,y) Fla
,
b) and domain points (xy) where flxiy) Fla

,
b) . Th

point la , b, Fla ,
b) ) on th surface 2- = flxy) is a Saddle point . ← front rien

Side , (
• ÷
:
.
.

View
i
,

Extreme values of f4 , y
) :

A function 2- = flxiy) that is continuous on a closed
,

banded set R in th plane.TK function fakes on an

absolute maximum and an absolut minimum at some point in R.
ex , y

= X
' : ( 0

,
1)

,
0,1
^

^
. . . . . ._

,
1 - - - - - - QQ

!
> •

i
>

theorem : Iff × , y
has a local maximum or minimum value at an interior point ( a.b) of its domain and

if partial dérivative ( first - arder) exist at (a.b) , thn . . .

f. (a. b) = O and Fy (a.b) = 0

Note : This tells in that th on} points where flx.gl can fake extreme values are critica points and boundary
points .

^

f- (x ) = ×]

~: i
i

i

!
>

Theorem : Second dérivative test for local extreme values .

Suppose f4 ,y) and its first and second partial dérivative are continuo throughout a disk centered at (a.b) and that. . .

f. ( a.b) = 0 , Ç (a.b) = 0 ,
then

. . .

Note : D= À
✗
f
,,
- Fly

' f has a local maximum at (ab) if f
"

O and D O at ( ab) .
2 f has a local minimum at (ab) if fa, O and D O at (a.b).



3 f has a Saddle point at (ab ) if D O at (ab)
.

4 If D= O at (a.b) ,
th test is In conclusive .

Computing example on finding maximum> and minimum for a function of two variables

Optimization and the Second Dérivative Test

Example 1 : find th local extreme values of if /✗g) = ✗
'
+y
'

-4g +9

Here À = 2x = O and F
,
= 2g - 4=0

= > ✗ = o and ⇒
y
-

- 2

(0,2 ) is a critica point .
( 0,2) is th local minimum for Flag) .

Example 2 : find th local extreme valus tifany) of f4 g) =5- ×' Z

setting À :O ,
§ :O °: ( o.o) is indeed a

Saddle point . y
×

= >
- 2x = 0

, 2g = 0
(0,0) is th ony critica / point .

Surface in th ✗2- - plane : y
-
- O

=) 2- = -✗
2

Surface in th yz- plane : ✗ = 0

= > z=j

Example 3 : find th local extreme value, of th function flxy / = Xy-X -j - 2x - dy+4

f, = y-2×-2 , fy = ✗ -2g
- 2 fxx = -2 0

, fyy = -2 , fxy= 1
Set 5-

✗ = O ,
J
,
= O

- 2x + y
= 2 , X - 2g = 2 D= fxxfyy - f7y

= C-2) ( -2 ) - (l )
'

⇒ -4✗ + ✗ = 4+2 = 3 > 0

=) ✗ = -2

Since Fx
, ti ,-a)

= -2 LO

also
,
we get y = -2 and D in , -21 ) O ,

f2 ,
-21 must be a local maximum .

(-2-2) is th only criticaI point tire .



Example 4: find th local extreme values of th function flxiy ) --3g' -2g
]

-3×2+6×9

À = -6×+6y , § = by- by
'
+ tox Fix = -6 0

, fyy = 6- 12g : 611 -2g) , fxy - 6
set Fx -- O and fy --0
⇒ -64-

y
) --0 ond 6(y

-y4×) --0 D= fxxfyy - FÉg (Ov) :D/0,0110

or ✗ - y
-

- O '① ond
y
-y4✗

-

- O '② = (-6116-13)-62 10,0) is a saddle point
fake ✗=y in eq.

2 = > ✗ - ✗ + ✗ :O
= -36+72

,
-36

⇒ 2×-1/2=0 = -7211 -y)
(2,2) : ☐(2,21--72 0

⇒
✗ :O ,

✗=3 (2,2) is a local maximum
.

= > (0,0) and (2,2) are th critica points .

"mini

|
;
;

•

'

Example 6 : find th absolut maximum and minimum values of f4 , g) = 2+2×+4, - ×
?
_

y
'

on the triangle region in th first quadrant banded bythlinesx-o.y-o.mil y -- 9- × .

^

g.

À :O
, fy :O ( 1,2) is a critica value .

g-
9-
+

=) 2-2×-0 , 4- 2g :O
✗=0

• ""
• y

✗ =L
, y

-
_ a f4,2) = 2+2+8 - t - 4=7

9

Lets do thworkonth boundary .
3)
y

= 9- ✗

f- (✗g) = 2+2×+4, - ✗
2- ya

')
g- 0 , 01×19 2) ✗ =p

, OEYEQ flx
, g-✗1=2+2×+419 -x) - ✗2- ( q -x )

'

F4,0) = 2+2×-1/2 f10 , g) = 2 -14g - ya = -43+16×-2×2

dldxflx.io/--0t-'X=1 dldgflqy) -- o « =» 4 -2g ⇒
<⇒
ya

%
✗ f4,9 -X) =D <⇒ 16-4×-04--711=4

f- (0,01--2 810,0)=2 thn
y
-
- 9-✗ = > y

-

- 9-4=5

f11,0) =3 f10,2) -_ 6 The pointis (4,5 )
f / 9,01=-61 ff0

,g) = - 43 f14
,
5) = - Il

f19,0) ' smatte>t
f11,2) > largest

flxig) has absoluité maximum at ( I. 2) and absolule minimum at ( 9,0)
.



Example 7

We are given that ✗ +3+27=108 > ①

⇒ ✗ = 108 -2g-27
⇒ Ky , :

= ( 108 -2g -2£/(g) (z)
or Vly , -2)

=

108g2- - Iyaz-2g-22

Vy = 108-2 - Yyz - 2-22=2-1108-4 y -2-2 )
Vz = y (108-4-47)

Set Vy -- O and K =D

= > 2- (108-4-22)=0 > ①

⇒

y
/ 108-2g-42-1=0

>③

Equation② gives : E- 0 or 108-4g-22=0
for 7=0 , equation ③ gives y(108-3)=0 = >

y:O , y
-

- 54

(0,0) and (54,0) are two critica points .

Equation ③ gives : g-0
or 108-2g -47=0

for
g- 0 , equation② gives

: 2--0,7=54

( 0,0) and (0,54) are two more critica points .

These points are NOT feuille .

Now we look at
. .

.

D= /Vyyvzz - Vyz) ( iris) Dimensions :X--36 inches

108-4g -22=0 y
= 18 inches

ond 108 - dy - 47=0 DIB
, /81=(-7-2)/-72) - (-365 7=18 inches .

0

These two have th solution

g-
18

,
2--18 ; feaoibk. Vyy /18.18110 , DIN ,

/8) 0

Vyy = - 47 Vyy Unis)
= -72 0 So

,
( 18,18) is a maximum .

Vzz = -4g Va 118,18)
= -72 0 ✗= 108 - dy -2x

Vyz = 108-4g
- YZ Vyz (iris)

= -36 ⇒ ✗ = 36 inches
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100%Quiz on 14.7 3
.

Abs min

glxiyl-H-xy-iy2-ll.FI/.y)--X2+y-pxy,wherepisaconstant min :|

(0,0) is critica point

fxx =L

fyy = 2
Ây :-p

DION) -_ (2)(2) - fp)
?

= 4- pa

p
--2 f--2

2. Abs . Max glxiy) -_ ×
?
- Xy -15+1

4 •
11=0,9--4 , y :X

•

•
i
,

F
,
--0 -

- 2x -y fy : 0=2,
-

✗

2x -
-

y G- ×

212×1-11=0 ( 0,0 )
critica

glop)
-

_ 1- YX - ✗⇒
point

3×-0

×:O OEYEY ✗=D

Flay)
-

_ y
' -11

dldyfloiyl
-

-0 = 2g {⇒ y :O
✗y

f10,0) = 1 flxig )
( 0,0) : 1- flux) : ✗2- ✗2-1×2+1
f10,4) : 17 ✗41

= 2x

y:O OEXEY × :O

f- (Ko) -_ ✗ +1 ✗ =y
Hey
,
f4,0) --0=2×4--3×-0 0=y

f10,0) : l f10,0 / =p
f10,0 ) = /

F14,0 / < 17 Max -- 17



14.8 lonstrained Optimization (
p.

876 )

Maximize a function subject to a contraint using Lagrange Multiplier>

thebig-tdeaoflagr-gemu-ip.rs
With Contraints:

glx , g) = ✗' + ya - t = 0
•

• y
Z = c (Level Curve )

•

✗

•

Tangent Line

ex
.

Lagrange Multiplier>

Simultanéoudy Solve
. . .

f- Il g
g

= 0

•

'

Ira
,

"

ta
ex . Xxy ) =

✗
y
+1 ⇒ F-

y ,
✗ Max

glxiy) = ✗ ' +y
'
- 1- ⇒

g
= 2x

. 2g
•

- Yra
,

- Yra
•

y
= 72× • t'Ira

,
Yra

✗ = 72g min
•

✗
'
+ ya- 1=0

• Yra
,

- Yra

y
= 72172g) = 472g

⇒ y :O = > ✗ =D not on ellipse !
= >

y
= Ix =) ✗

'
+ C- ✗ 5--1 => ✗ = ± Ya

or 7 = ± Ya



{✗ amples on funding maximum and minimum values of a function
, un der a contraint , Using Lagrange Multiplier

Lagrange Multiplier>

Ex
.
find th point Rx ,ya) on th plane 2x-1g

- t - 5=0 that is do>est to origin .

Let (×
, g.z ) be th point on th plane dxty- -2-5=0 ,

Th distance of this point from th origin is . . .

dlx.y.ttNÉE =FÉ

Minimise f4
, y . -2) = ✗

'
+
y
' -1-22

,
such that 2 ✗+

y-2--5=0
=> E- 2x +

y-5

⇒ f- ✗ + y
'
+ (2x +y -5)

"

f-- 2×+412✗ +y -5)
= 10×+4

y
-20

f
,
= dyt 212✗ + y - 5) = 4×+4y-10

Set À :O
, fy :O this

gives . . .

10×+4
y
-20 = 0 ①

4×+4y-10
= 0 ②

Equations ① and② have th solution ✗ = % , y
= %

fxx = 10
, fyy = 4 , fxy = 4

D= F.
✗ §
,
- §
'

= 40-16 0

f must have a local minimum at %
,

%
.

Using -2=2×-1 y-5 we get -2=-5/6

The closed point on 2x -y- t -5=0 from (0,0) is (% ,
%

,

-%)

Ex
.
Find the point, on th hyperbdic cylinder ✗2-2-2-1=0 that are do>est 4th origin .

Z

✗

We want to find the minimum of f4
, y ,
z ) = ✗

'
+ ya + -22 y

such that ✗2-2-2-1=0 = > z? ✗2- |

Then
. . .

Gx --4
, 9g -- dy

glxy) = ✗
'

+
y
'
+ ( ✗ a- 1)

= 2×2 + ya - t



Set 9×-0
, 9g =D

⇒ ✗ =D
, y =D That's a problem!

Let's define
. . .

f4
,y , 2- ) = ✗

'
+ y
'
+ Z
'
- a
'

and

glx .y ,
7) = ✗2-2-2-1

We want to find th point of contact where

f- 1 g

2x
, 2g , 27

= 7 2x
,
0 , -2£

⇒ 2x = ] (2x) , 2g --0
,
2£ = Il -dz)

from th equation
2x=] (2x ) = > ✗ (1-7)--0

either ✗ = 0 or 7=1 i we know ✗ = o ⇒ 7 must equal 1.

thn

2-2=7/-2z ) =) 27 = -2-2

and 7=0 also , we have go)

We know the required point is of th forn (× , 0,0) .

Jet glx , y ,
2-1=0 = > ✗2--22=1

,

with 2- =D ⇒ ✗ = ± |
.

f10,0) and 11.0.01 .

Ex
.

Find th greatest and smallest values that the function F4
,g) = ✗y

fakes on th ellipse
✗
2

+ y
'

= 1

8 a



Suppose f-1 = >

y
-

- Yx

F- 10 =) y = 10 /✗

FIX
, g) = Xy i gtx , g) = ✗48+5/a - t

Uetake
'
f- Tg

y , ✗
= 7 "4 , y

g- 71×14 ) : ✗ = Iyi glxy)
-

-0
,

✗48+5/2=1

Using ✗ = Ay in y : 71×14 )

⇒
y
-

- I ( "%)
= >
y :(
"4)y

Corse 1 :

g- 0
=) ✗ = 7101=0 ; 10,0) is not on th ellipse!

Case 2: 7=-1-2 = > ✗ = G-2g)

Now using
" 18+942=1 i with ✗ ± dy

(± 2g
l'
+ ya =L = >

y = ± 1

8 2

y
: I = > ✗ = -1.2 ;

g-
- t = > ✗ = -1-2

Required Points are (-1-2,1) ,
and 4- 2

,
- 1)

f12
.
1) =L g- 24

f1.2
,
1) = -2

Ex
.

The plane ✗ + y-1-2=1
Cats th cylinder ✗↳ y

" I in an ellipse .

find th points on th ellipse that lie do>est to and far that from th origin .

f( × , y , -2) = ✗
'
+

y
>
+ -2
?

Subject to : ✗ + y-12--1=0
Where g.4.g. 2- )

= ✗+ y-1-2
- t

✗4- ya - t
= 0

g, (× , y ,
7) = ✗

'
+ yz - l

-

f = J' g. + M' 92
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4. 8 Lagrange Multiplier Han -

cacemy

Lagrange Multiplier

Maximizeflx.gl :X} on the set ✗
'

+

y
'
-

- t

f4
, g) = C ond f

•

> §
f

glyy)=x4j and
g

thus
, gang)

""9)

flxmym = 7 9h1m , 9m
>

Lagrange Multiplier

We have
.
. .

g
= (✗' + ya = 2x

dy

f- = (✗ '
y

= dxy
✗
2

dxy
✗
a

=
7 2x

2g

finally . . .

2×4=7 2x ' ✗ =/ 0
, dy --72 >

y -1

✗
a =

72g
>

✗
'
= 2g

? > 2. Yz > ✗ = ± %

✗
'
+ ya- t = O ' dy

'
+ ya - 1=0 > 3g

?
= / >

y
'
=

'B '

y
= ± Yz

Therefore
,
ue have th following points .

. .

%
,
Y] ! ff1 %

,

'b) = (Zz )/ y,

- %
,

Y}

%
,

- Y] Cant be maximum as

- %
,

- Ys Cant be maximum as



Example 1- ^
.

Labour = $20/ h
- R

Steel = $2000 /ton
À# = $20 °O°

as
pu

.>,

> h

20h -12000s = 20000 ' glh.SI
Rlh

,
g) = 100h

">

s'↳ gin .
"

A- 7 g

"
ah =

1001431h
""

s
"'

"
as 100lb h" j

"]

2g /ah
=

20

2g / as 2000

200 ] s
'"
h
"} = 720

100 3 h" g
"} = 12000

M= J h

200 ] µ
"

= 720 > µ
' "

= ] 107 (
n
" '

u -_ 31ohm
"

✗ 10×20
*

100 ] M
' " ]

= 72000 > M'% = 607 < > 1- = 607M
"]

* 200m = 607m
"

I = 60ha
"]

> 200m = 1 > 2004h = 1 ' h = 200s

20h -12000s = 20000

> 2012000s ) -12000s = 20000

> 6000s = 20000
' s = 103 h = 200 '%)

= 2000 3



Lagrangien
f4

, g) = ✗
'

e
'

y
-

- C f- 7 g
Max

.

g. (Xy)
= ✗
'

+ y
>
= b

constant

>
F

'

g x.y.t-flx.gl/glx.y) - b
'

= 0

Thus
L

allais 0 dL /☒ = 2f12× - 729/2,1=0
ah / dy

= 0 2L dy = dftdy - 7 Bitsy = 0

2421, 0 2h / 27 = 0 - ( g / × , y
) - b) = 0

> glx.gl -- b

Hearing of th Lagrange Multiplier
Max

* Rlh.sk .
.
.

'

=M* is

B / h.SI =
.
. .

= b constant !

h

Llh
,
>
,
7) = Rlhs) - t /Blhs) -

"

b) A- 7 B

> = 0

V. I.I ) =

MERIH? ! )
M' (b) = Rltilbl

,
s' (b)

Î = d' db --2.3

• ^

$2.30

Prof for the hearing of Lagrange Multiplier
7. = DM

-

b db

(ii. I. Ï = RIK.si) - Î / Blh:P ) - b
Mt = 0

Îtilbl .si/b).Ilbl.b=Rh4bl.s-(bD-I(B(h4bl.s4b)) - b



dl
*

db = 2L zÜ . dtidb + 2L JÀ .

d'
•

db
+ 2h zj! •

d'
•

db
+ a

ab
o
db dj

"

= d' d'b = Î b

L (his
,
I

,
b) = Rlh , s) - I (BI h . s ) - b )



Quiz on 14.8 43 Il ]

I. Compute th maximum value (i. e. output ) of th function Mxy) - xy -il construire d to

th equation glxiy) -- ✗ ' + y
' -1=0

.

minimum

flx.gl = ✗ y -11 ; g
/ ✗ g) = ✗

'
+

y
' -1=0 ✗ 3

. hlxiyiz/ = ✗ -2g -152
f/ ✗y ,-2) = ✗' +

y
' -1-22--30

f- Ifg
1
, -2,5 = 7 2×3,27

Ly ,
✗ = 7 2x

, dy
1=7211

g- ✗2x glxiy ) :O ,
✗
'

ey
' :L :O -2=72

,
✗ = 72g 5=727

✗ -

_ V2

using X -

-72g in y : 12 ✗ ✗ = Yaz × :|

y
: - Il y

= -42

=) y = 72172g) 2- = 5ha -2--5
=

y -14g h / ✗ y, 2-1=1-21-41+5151
y:O ✗=D MOI No! >

'

-27

-30
f ± Yz =) ✗ = ±

y -1,2 ,
-5

using ✗ = ±
y

2g
'
= |✗"j - l

y
, = y,

y
-

_

+ F4 ⇒ ✗ = ± F4

y
'

-15 - t

%
- '

y
= ± F2

FIFA ,
Fn ) : 1.5

✗ 2
.

find th maximum value oft function glx.gl#y-i2x subject tu te construisit 2×-4=30

ylxij) = ✗
y
+ 2x

hlx.gl : 2x -y-30 y
-

- 30 -2x - ✗(30-2×1+2 ✗
30-2×2 + 2x

y -12 , ✗
) = 1 2. 1) -2×42×+30

✗ =

y-12=72 ⇒ g- 72-2

✗ = 1 7=1 12-2 -y = 0

7=1
/ y :O 8,14

✗=L
, y
:O = 128

glx.gl:2 L


