


B.I Curves in Spaced their tangents

sketch the graph of a vector -valued function

Compute K tangent line to a carve and explain th ideabehindth dentition

Vector -Valued function

r A) = FAIT + gltlj + hltlk , uhre TE R
r n

'

gcalar function>
nz

ex .

Nt) : (o>(f) îtsinltjttt ②
>×

Flo) = (Oslo)it Sin lo) ] + OÛ
1h0 ,
"

= 1-î -10J + OÙ 5

NZ

ex . T'(f) = co> (f)îtsinlt)] + 1- À
✗4J = Cos

' (t ) + sina (t) = 1

j
'
- '
' ' - -

; > ×

ex . t' (f) = sintdtlcosltk-sinktsinltlj-s.sn/4t)ti

*
Tangent Vector>

it F
= i(t+sH-r

⑥
^

,

1
t +

^

^

• >✗
y /++

DH •
^

j (HD
" Geo

pog
( I , O , o )

}
µ,

> •
TCHAT) - Nt)

µ,
> •
TCHAT) - Nt)

•
•

Hou can we find di a

dt
•

ai
i

+

= Ht+sH-r di qm,Ht+¥-rt -

y,,, f. "" "' at
>• TCHAT) - Flt)

•



Mt + t ) -Nt) = flt-itli-iglt-itlj-ihlt.it)Ûfltk-igltj.tn/t)ri--f(t+t)-flt)i-iglt+st)-glt)j+hlti-ot)-hltlÀ

limrlt-DH.ir#=limf(t+t)-flt)i-lim(gkt+t)-g-t) g
t > o t d-→ o ot d-→ o ot

+ limhlt.it) - HH) a

d-→ o ot

DÈ = dfp + dgj + dhû or t'(f) =fltli-ig.lt/j+h'lHtidtdtdt
Leibniz's Notation Lagrange's Notation

Curves in Space as Vector - Valued functions
Limit

, Continuity and Different,- ability of Such Curves

Velocity , Speed ,
Acceleration and Direction of Motion

n

Z

A Curve in Space can be representée in Vector forn as . . .

y
-
- f4)

ÎIH
Mt) = flt)

, glt) , hlt) ,
TER

.

> y flxy) = 0

↳
It describes the motion of a particle in Space.

The functions f.
g.
and ln are collect Component function . Nt) is a Vector - valued function

.

The domain of a Vector -valued function is the common - domain of all its Component functions .

Recall : T' (f) = À + TÙ =L ✗ • + tv, , yo + tu , 2-☐ + tu] >

= ( Flt) .gl/-l.hlt)

Example : Tlt) = lit
,
t ( 2- is charging linearty asa function oft )

( Xy
- plane is fixed)

Example : Nt) =L t.tt

✓



Example 1 : Graph th vector function Ht) =/coslt)) i + (sink))j + tk

We can re -write this Vector -valued function as
.
. .

"

Flt)-_ ( colt)
,
Sink) it

- . .

✗ (t ) ylt) 2- (t)
>
y

✗
'
+ j' = l

' •
À

cont) + sin' (f) = / ↳

Example
rt

Et) = < tcosltl.tsi.net) ,
t

✗
' '

y

j' (f) = (4 + Sinlzot))coslt)
,
(4-isinlzot)) Sint )

, coslzot)

Limit> and Continuity

1-et IN be a rector function ul domain D ,
and Iet

-

be and-her rector
.
We sag

that it
has a Limit I at s to and write

lim Ht) =
t ' to

if for
euery

C- > O
,

Here exists a correspondions ✗ > o such that for all TED .

Nt) -I L E Whenever O ' t -to < a

c- { L -î - l.mx→ a f4) =L
If [ = L

, , ↳ ,
L ] ,

then if lim + → tu tlt) = Î
,

then
. . . t'

i
✗ = alimt-st.PH/=4,limt-stoglt)=4alimt-stohlH--L ] y

A Vector function Nt) is continuous at a point t -_ to in its domain if
. .

.

limt.to Nt) -_ recto )

the function FA) is continuous if it is continuous at
euery point in its domain .

lim ✗→ a
f4) = 5- Ka)



Example 2 : Forth rector function r (t) = codtli-isinltlj.tk ,
determine te limitait approaches F14 .

lim FA) = lin ( Colt)
, Sint), t

= limcoslt)
,
lim sink)

,
lin t

+→ "H
1-→%,

1-→My 1-→My 1-→My

= %
,
F42,174

Example 3 : Discuss the Continuity of th rector function rltt-cosltli-sinltlj.tk .
Where

t is th grealish integer function .

this Vector valued function is discontinues at euery integer value because of t
.

Flt) = ( co> (t)
,
Sint)

,
t j continuous Curve .

0 Et ± 21T
.

Différentiation

[ (× ,f4)
) Q
(✗+
ox ,
-51×+0×7

)

• g-
f4) f

'

(x) = lim f- (✗ + Dx) - f4)

•
☐✗→ ° ( × - Ox) - ✗

{ '

,'

✗ ✗× ✗ + 8D

^

" lin À
= limrlt-iotl.ir#--dr=limrlt+Lt)-rlt)

A-→ o ot otro ot df d-→ ° Lit

ÜËt + a)
or di =

"Hdt /
↳Idt ,

"Yat
>y

dt
'

×

Suppos>iry Flt)
= flt) , glt) , hlt)

the Vector function Nt) = ( flt)
, git) ,hit) has a dérivative at t if

Ht) , glt) , and Ht) have a dérivative at t
.

And
,
th dérivative is th function :

j' (f) = t' A)
, g. A) ,
tilt)

.

A Vector Ht) is différentiable if it is differentiable at euery point of it domain .

FA) is smooth if di at is continuous and neuer Ô , that is .

At)
, glt) , and hit) have

continuous first dérivative and are not simultanéoudy Zero .

A Curve made up of a finite number of Smooth Curves piecedtogel.hr in a continuous Fashion

is collect a pieceWise Smooth Curve .



For the Motion of a Particle :

If Flt) de fines te motion of a particle.

i) Velocity : (f) = di dt

ii) Speed : s = t' (f)

iii) Acceleration: a- (f) = DÛ /dt

iv) Direction 0f Motion: Il / Y /

Example 4 find Velocity , speed, acceleration of Kt) = (2cal+Di + Casino-Dj -1/50511-1)K

Velocity : Flt) -_ di /dt = idsinlt)
,
dcoslt)

,
- loco>A) sinlt)

=
_ Joint) , acos (t) , -55in /at)

a- (f) = DÛ /dt =L - acodt)
, -2 >int) , - loco>Gt)

Speed: D= (t) =

4sin
' /f) + Yioslt) tzssirilzt)

=

4 -1255in Cat )

Direction of Motion : Ù / IÙI = 2
- Sink) , co>

It )
,

-% sinlzt)

4 + assirent)

Rulers of Différentiation
Vector functions of Constant Length

Rulers of Différentiation
,
for Flt) -- { ftp.gltl.hlt) ,

1- ER

lim Nt) = Î limrlt) -- FA . )
1- → to 1-→ to

di dt = dfdt.is/dtidh/dt t' (f) =

dildt.ciltt.dk/dta=di/dt.speed=lvlHlLet
Û

,
Ù be différentiable rector functions off ,

i a constant rector and fi, a diffuestiabk function off
,

d é = o j constant function Rute .
dt

¥ ✗Mt) = ✗ dû dtjdisscalar ; Scalar Multiplication



dfltlultl-f.lt/i(t)+flt)i' (t) .

dt

d ùlt)±Mt) = ÙYT)±ù 'A)
dt

d IHH)) = IHH))

.fi/t)ilhainRuledtdulH.vlt)=uYH.ilt)+ult.vYt);DotProdud-
Rate

dt

d if) ✗ Mt) = ii. A) ✗ Mt) -1Mt) ✗ t'A) iorder Maltais ! ; cross Product Ride
dt

Dot Product Rute :

(et Ù = { v1 , , Uz , Oz ,
Û = V

, / V2 / V3

d ii.j
= d- un,

+ UN. + UN]
dt dt

= livreur ,
'
+

uik-uavi-ujh-iusvj-luiy-iuik-uiv.lt/u.vi-iuii+u,vj
= ii. j' + ii. v'

Cross - Product Rute:

a} ÛLHXÙCH = limult-iotlxv-lt.at) - iiltxvlt)
ot -so

ot

= lin Û(t+ot)xvH+ot)-ÙlH×Û(t+st)+ûlHxHt-st)-ÛlH×v
d-→o ot

= lim ùlt -ist) -ÙA) ✗Mtv) + iiltlxvlttot) - IH)
d- →o

ot

= limult-iotl-ultlxilt.io/-)+iilt)vYt+ot)-vYt)
d- →o ot ot

= Û
'

(f) ✗ ÛA) + ICH ✗ J'(f)



Vectorfunctionsoflonstcntlengthsupp.se
Ue have Nt) such that Nt) = C. ex .

.

iii.)

Nt) = C

Now Consider =p

Û - Ù = tu/2

Flt) . t' (f) = FA)
'
= ca

t' (f) = ( colt) , Sint)

Differential-
ing both aides . . .

Nt) = 1
.

⇒ d Nt) .FA) =D Ca
dt dt

-

.

⇒ j' (f) •Mt) + Kt) . Êt) = 0
⇒ 2Mt) . FA) = 0
⇒ t' (f) . F (t) = o

therefore th rector, Ect) and t' (t) are both orthogonal to each other .

Note : If FAI is a différentiable rector function oft , and the length of Nt) is constant
,
thn

. .
.

t' A) • FA) = 0 or FA) . di = 0

dt



tsidtntegrabofvecturfunctions

Integral> of Vector Function >
We can find th Position function for a noviny Object using its Acceleration

Position Function for an Ideal Projectile Motion

the In definite Integral

the indefinite integral of a rector valued function Nt) with respect to ti, th set of all

anti - dérivative of Ht) ,
denoted by frit) dt . If À (t) is an anti dérivative of Ht) , Hen . . .

✓Mt) dt = ÀA) + c-

Example :
Fast

,
I
,
- at > dt

=Lsint
,
t

,
-t' > + c-

✓ FAI
, git) , hlt) dt = ff1Hdt

, Bct) dt ,
fhltldt + c

thedefiniteT-ntegral-T-fl.tn
components of FA) = fctl.gl/-)ihlt) are intégrable on some domain for 1- ( a. b i

then so is Flt) . and . . .

b b b

fbrttldt-ffa-ldt.f.gl/-ldt.JahlHdt
a

1T

Example : f. [☐(t) , 1 ,
- at dt

IT
= sina.lk

,
t É

,
-t' |?

=

0, 1T
,

- IT
?

By Fundamenta Thoren of Calculus ( for continuous rector functions
.

b
b | Va

"

f4) dxfa I (t) dt = À (t) a

= Fcb) - F (a)

À (b) -À (a)

Where À (t) is an anti - dérivative of FA) . i. e.
,
À

'

(f) = Flt) .



Example 3

a (f) = - (3. co>(t)) i - (3am(A) je 2K .

1- = O
, P / 4. 0,0) , ✓ (o) = 3)

Position on a function of time t
.

We have a- (t) =L- 3.cost , - Joint , 2
⇒ FA)-_ j' a- A) dt =L - Joint

,
scoot

,
at + E

at f-0 Û (o) =À = 0
, 3,0 = 0

, 3,0 + Et
,

= > c- = à

⇒ t' (f) =L -zsint.zcost.at >

⇒ Flt) = ✓ Ù (t)dt = ↳cost
,
Joint

,
t' +%

We know that Fio) = (4. 0,0
⇒ 44,010> = Flo) = ( 3,0 ,

0) +%
= > {4 , 0,0 ) = <3 ,

0,07 t

⇒ % = {1,0 ,
0 >

⇒ FA) = (3 cost
,
3s.int

,
f) + LI

, 010 >

or FA) = 3cal- +1,3>int , t'

Vector&ParametricEquationÊIdealPrgedikMot
onY

We assume a projectile motion starting at t :O .

"

from O
,
with initial Velocity À ; making on ongle d )

"

%

with th horizontal .

As we start from O
,
F
.
:( 0,0 >

À :( LÀ/ cosd.IE / Sind

We have F- = moi = > mdk =
-m (g) j

dt
'

⇒ d'Y = Q -

g
dt
'

⇒ di = Lo
,
-gt + v0 = Lo

,
-gt > + { IÙ / Cosa

,
Kobina

dt

⇒ di =L /À /cosa , /À/ sino - gt
F-



Integrale gain !

⇒ FA) = ( Ivy co>a)t ,
( IV.Isind)t - gtya +À

⇒ t'A) = DÛ /cosa)t
,
/Not smalt - gtld

In Components :

✗A) =/Wilco>a) t

git) : ( LÀ / sind)t - gtla

Example 4

Speed 500msec
, angle 60° from horizontal

find 1- =D
.

Where
g-
- 9.8

Here IF
.
/ = 500msec ,

D= 60° , Flt) = ?

t.io,

t'A) = iv. Ico>a)t.AMsinon)t - gtya

F110) = ( 2500,3840



/00%

Quiz on 13.1 13.2

|
.
helix

rltl-coslti-isinltj-atkdrldt-sinltl.cat)
, 2

f-Ma

tl
, 0,2 )

2. Ht) -_ t'

i-ietj-aca.IT/-Klim--40,1 ,
-27

1-→ o

3. t' (f) =3: + atj find res )

th) = ai -15J

rltt-3.tt/-Z+c

1-=/ ( 3 , / > +À

f- I ( 2,5 >

{ 2,5 > = <3,1 > +E ,

L - 1,4 > = E
,

Nt) -- ( sit , f) + f1 , -17

t' (5)=/315) - 1,52+4 >

=L /4,297



13.3 Arc length of Curves

Illustrata the idea behind th are length Formula
Computer the are length of a Carve

Denning the Are length Formula
•What is the arelength of th Carve HH for a ETE b ? zi

1. Break a. b into n segments (n equal segments)
Yi

Arclength a {Îi ( Length of it" segment ) Li

2. Compute length of it" segment
•

Xi

Li = ( x;)
'
+ ( Yi)

'

+ ( Z;)
'

Arclength a {Î , ( xi l' + ( y;)
'

+ ( z;)
'

+

+

n

i=\

✗ i
l

y
+

Zi
Z

+
+

Yi
?

+
t

n

+
+

Zi
?

+
+

+
Yi

?

Arc length nl.gg i. ,

"
'

t

for I (f) = fltli-igltlj-ihll.lk on a
,
b

Arc length |
"

FHY-ig.CH?-ihltYdt
a

Arc Length Formula
Arc Length Paramétrisation

^

Are Length in Space n rit
:* ) -Nt;) + ¥ËÏY .

""

5- lin
n ,

'
' ⇒ t

Suppose we Divide the Curve into n- sub segments . b
)

sa Mta
,
Nti )

,
#+ , = # + t fa di dt t <

= Mtn
,
Nti )

.
t

t

1-

Length of the curve from A to B
,

r (t) = A
,
r (t) = B

< iii. , i i i i i i i i s

f- a
t"

f- a f-b
n rit

:* ) - Nti) t
SI i. , t



The length of a smooth curve Flt) = ✗ (t)
, ylt) , 2- ( t) that is traced exactly once

as t increvses from 1- = a to 1- = b
,
is given by . . .

b
de b b

S fa dt dt or fa Nt) / dt or Va ✗
'

(t) : jai + zat dt

Example 1 : A glider is soaring upwardalongthhelixrltl-kosti-lsintlj-tk.twlong is th glider's path from t--0 tu 1- = 21T .

21T

g- f
"

dist / dt = f. L-sint.cat, 1 dt

= f.
"

sin' 1- + cost + | dt

= f.
*

a dt

= a fait)

Are length = s = f2 lait) unit of length .

Exercise : Find th length of the curve rlt) -- i + t'j + t' K for 0<-1-1-1 .

Nt) = 41,1-2,1-3

g-- f
'

didtdt = À o.at ,3f dt let insta
,
du = %dll

3/2

= f. 0+41-491-4 dt ⇒ s -_ 43f (" u ] 1FF du
1

= I at 1- + %,
t' dt

<

= 2
" pff
"

( / + na )
" "
(air) du

= %, ( Hui )
" "

= 41g (1+44)
"

3/2 4312
Va
]

☐

î 1.44

Now Consider :
t

slt) -_ f ti) di
to
→ constant

si> thardength parameter , with base point Nt.)
ÆÏÏ



Exercise : Find th are - length paramétrisation for th curve rltt-3sinti-4tj-3cos.tk for Oettl .

Ht) = Joint
,
4T

,
3 cost

slt) = ft YA dt
,
t' (f) = di /dt = scoot

,
4 ,
-3sint

IHH = qui 1- +16+9soit

= 9+16

= 5t

⇒ slt) : f 5 de
+

= 5T
o

⇒ slt) = 5f > 1- = S5

Now th length of th curve from to to this
.
.
.

SG) = 5

from to to f-2 is . .
.

Sla) = 5 (2) = 10

Our Curve is defined is . . .

t' (f) = Joint
,
4T

,
3.cost

re- parametrized Curve is given by . . .

t'G) = 3 Sin(% ,

4s 5,3as /%-)
+

slt) -_ f. MI ) de

Example : Find th are - length paramétrisation for Nt) = { cost , Sint , t with to = 0 .

slt) = f.
+

lit)/di -_ f+11- sin-i.co> tu dt

= ftp.E-c-i-dt
= ft a de

= rat

therefore
. . .

1- = s ra

Fb) = co> ( Kra) , Sin(KE) ,%



speedonasmoothlurwehadsltt.ltMI ) di
,
taKing dérivative w / respect tot .

un

speed

⇒ ds dt = ÛCH

* So
,
s is atway> an increasing function oft .

Unit tangent
dr ds = DE /dt • dtds Once we have represent Forsa function of s .

= di/dt F-- FG)
ds /dt

then th dérivative w / respect to s is atway
= (t) ICH

. a unit tangent.

= T
,
unit tangent di do is a unit tangent .

Example : Nt) = ( 1+3cost , 3sint , ti )

• t' (f) = di /dt =L -Joint , 3cost.at >

HIHI = 9 sait + soit -141-2

= Et

unit tangent = t = IA) =

'
- Joint

,
Just

, at
IHH 9+41-2

s = V.
+

lit) / d -1 , f. fb) => di /ds

summary
• s =p

"

/ "Hat dt

• slt) = Va
"

IIII) / de

• dsldt = HIHI > 0

• dildo : is a unit tangent



Quiz on 13.3 100%

I
.
Are length of r (t) = cosltli-sinltlj-ratkono.IT .

5- f
"

/ dildtldt -_ VÎK - sint.co>t.rs/dt

= ✓
+

☐

soit + cost + a dt

:p
"

3 dt

= 31T n' 5.44139 . . .

' 5.4

2
. Space Curve rltt-ti-Yatj-iyzl.sk

Tlt) den t --0 .

A. Yat '
,

'

Ist
' )

(1
,
t.tl )

1- + t'+ t"
/

,
+1

,

t'

= |
,
0,0



B.4 lurvature

Compute th Currentare at a point given a Choice of parameterRation
Compute Principle Unit Normal at a point
sketch th Circle of Curval- are

(urvature
,
Normal Vector

,
and Circle of CurvaTure

Hou do we Measure " curvature " at a point ?

• Ue can look at hou
th tangent recto

- charges !

Definition : for Î the unit tangent to a Smooth Curve
,
th CurvaTure function k is given by . . .

K =
DE

ds

When parameterized by some T not are length S :

K = dtdt

dt ds

For v = ds dt

K = ! di
dt

Example : Circle of radius a : HH = lacost )it (asint ) j

i = dû/dt = - (asint)i + lacost)] = > lit = a

t = % / =
_ (sinti + ( cost) ]

dtdt =
_ (cost ) T - (Sint)]

"Hdt = 1

K= 1- DI
=

1

lit dt a



Definition : When K¥0
,
th principle unit normal rector for a Smooth Curve in th plane is . . .

N = t DÎ
,

•

K ds

Definition : Circle of Curval-vire
•

L

1. Tangent to th Curve at th point
2. Same Curvahere as th Curve ( i. e. radius = 4k )

•

^

3. Center on the concave her inner ) side

(urvatuie
Vector Principle Unit Normal

Curvnture and Normal Vector of a Carve

If I = dir /ds is th unit Vector of a Smooth Curve ,
the curvature function of the Curve is . . .

✗ =
dt

ds

* Thrale at which I Turris permit d- arc- length a long th Curve.

Suppose À = (Cos 0 , sino >
T

⇒ DE /ds = 4- sina.co> 0 > dodds

-0 => dtds =
d

ds

• If ¥ is large , F turno sharply , 1h Curvahere is large .

° If
dt
a,

is Closer to Zero ,
Curvature is small

.

{ =
DÎ
a ,

=
dt

.

d. t dtldt
= di ; t' = Ù i is a unit vectordt as

=

"shot it dt
and ÛCH = di /dt .

# Nt) is a Smooth Curve. magnitude (Nt ) is neuer zero ) !



Example : Suppose Flt) -_ F. + td ; a straight line .

t' (f) = dû# = j
' direction vector !

F- Min ,
✗ = Hill t /

,
dtldt = Ô ; No bending!

=) ✗ = 0

Example : Now consider Flt) =L a cost
,
asi.it >

,
Circle of radius a .

Û = Mdt = 4- asint
,
a cost ? / V1 = a

= > T' = FINI = C- Sint , cost >

=> di/dt : L- cost , - sint > , / d'% / = 1-

= > K = / "Matt = Yali) = Ya
til

= > K = Ya ; bending depends on
th radius a .

At a point uhre K¥0
.
Th Principal Unit Normal Vector for a Smooth Curve is . . .

à

= YK
d'%
,

=
1

. %
,

l r

T
d'% Cost

90-0

-÷
,

Î
^

, j = Lxiy > vinÈ "

ii. =L- y ,
✗ sa

Ù
,
= Ly ,

- × >
•

voir Î = ( (os ,
Sin )

DÎ / d> =L- sino , co> o
d Mds

* À =

, #as / •
*
ds points towards th concave side of th Curve.

•

dt
=

l

y ,
=

*dto d'%
= DE /df

/ d'% / dijf.at/ds / / dtldtl

N' =
ds

9
À =

'

d;
o

DÎ

/ diff
•

À

dt
ds



Since T is a unit rector
,
T . T = 1

=> dix, • Î + Î . dites = 0

⇒ f. DE /ds = 0
W
direction of

Example : FA) = La cost
,
a >int

,
bt

, a.BIO .
ah ba # o.

IA) = di / dt -- L- a>int , a cost , b)
=> Î = J' Ai / =

'/ açbz L - a>int
,
acost , b

= > dildt = '

aux facost , - a>int , o
= > / dtldt/ = a

a45

= > ✗= / "Mdt / Il = a

ahbzcurvatnredecres.es
as we increase b for a fixed a.

d'Idf = '

ci ,µ - a cost
,
- craint

,
0

, /
À / dt = a au yz

=
À / dt ai /dt =

- cost
,
- oint

,
0

Summarize

° K: Mds
,
✗ =

'
pq

"Hdt

• Kt) : di / dt
,
F-_ HIFI

• = %, •

d'% =
d'%>

, did,

o Ù = DTYDT DE / dt I it always points towards th concave aide .

° Fo = 0

Osculating Circle (AKA th Circle of (urvature ,
from above

Center and Radius of th Osculating Circle

the Circle of Curvature ( Oxulating Circle at a point P on a plane Curve where K¥0 is th

Circle in th plane of th Curve that . . .

It is tangent to th curve at P
.

(Has th same tangent at Path curve).

2 Has th same curvature as Curve at P
.

3 The Center ties towards the concave of th inner side of th Curve .



The Radius of Curvature of th Curve at P is th radius of the Circle of curvature
,

which is
.
.
.

Radius of Curvature = f- %
, →

f- Yp,

Example : Find th oxulatiny Circle of the

parabola g-×
' at (0,0)

.

I
,

at
f (f) = {t , f) T' = Ù NI =

/ +ytz 1+41-2

t' = d%t -- Li , at >

•

-" K / = 1+41-2 H =
'

y ,» /
"Hdt

, ,
2

t --0

( O , K)

This impies that th radius of th osculation circa = D= YK = %

Required Equation is x- o)
?

-1 (y - %)
?

= (Ya)
'

Example:

from th figure . . .

>

P
f- Yp,

• pyo,
Center : Ms) + f1»

Radius : S : YK

Example : Determine th Circle of curvature to th parabola g-X at (ti)

t' (f) = (t.li )

K = 2 ⇒ D= 5F12 ( ✗ + 4)' + (y -7k)
?
= 125/4

1-= ,
5 F-

• ( i , I )

Centre at (I. 1) = t' (1)+ SIDÙU)
:(-4 , 7,2 )



Quiz on 13.4 100
'

"

1.

rltl-.sinlHi-codtlj-i3kcurvutvre@t--2.K
-

-

'%
( Sint

,
cost

,
}

→ ( cost
,

- Sint
,
0

c-s' 1- + Sin > t.io?=VT=1

→ tsint
,
- cost

,
0

sinlttcosat-io--VT-1-isK-_Yi2.tltl-_ti-iYztZj-iYzt3KN@t--0.Lt
, Et , Est >
LI

,
t

,
ta >

l' + t' + t
" =p= /

011
,
t

0,110



B.SI/angentialandNormallomponentsofAccelerati-

Tangent , Normal . and Binomial Vector (TNB or Frenet Frame

Compute th TNB Frame at point
-

three Vector> to Describe Motion ^

I. Tangent Vector Î = di / ds •
< •

2. Normal Vector Ù = 4k * d,
•

3. B-normal Vector À = FXÎV •
✓

^

cross product

What does dis do Tellus?

DÀ d. = dltxiv) d,
°" "

1) DÀ / do orthogonal to I
2) d'Bld, orthogonal to À

= DÎ ds ✗ À + Fx div / ds
= > DE / ds parallel ton

di /ds = KÂ =
- dis /ds = [À Fromet

no - dis/ds OÙ =TÙ . Ù
=

µÀ ✗ + T' ✗ DÛ /ds [ = 0 ⇒
"

no Twistin,
"

Definition : torsion
☐ o .

= Fx DÛ /ds
- DE / ds ° À = Te

Note: Kor curvature shows hors points
"
curve

"
in th plane defined by F2 À

Tor torsion shows howth plane
" twists"

Review of th Formulas

Formulas and example for Torsion and lurvnture
.
Note : Ue are not covering Torsion so you can Skip over it !

tangentialandNornallomponentsof-Acceleratix.DE
ds

,
K =

'

i
"
dt

,
T =

T'
i The Sedar tangentiel and Normal Components

of acceleration are :

=
'
r, did> ,

=

'

dist
• dtdt

✗

ai = d'sdf , au
= K (%

=D iRadius of th Osculatiny Circle = f =

'
k

g,
g

= K F
Z

= j
'

y

Center of th Osculating Circle : FG) + lls) N

We define B = TXI



Consider ✓ ✗ a
= di dtxà ici = d'sdf T' + K /" at

"

N
=

dilds.de/dtXa=(dsdt)F✗ à

=/" DHÎX d'sdf ? -1K /" at
"

N

= kldsdt
]

ÎXIÛ
y

= kldsdt
]

À

= > j' ✗ à = K " df
]

Finally K : j' ✗ à j
'

We have À = t' ✗ À
DBYD> = did> ✗ NÎFXDN/ds

,
KI : di/ds

⇒ tri / ds = t' ✗ DÛ /ds

DÀID> is orthogonal to Î
Since À his a constant magnitude , B. dB/ds

--0
.

⇒ drills is orthogonal to À

⇒ DÛ /do is parallel to À
⇒ DE /ds = - [

⇒
[ = - DBYD, • Ù

Torsion

t' (f) = ✗ (t) , ylt) , 2- (t )
T =

/
×
'

ji
Ï j Ë |
Ï ïj Ë

' if Fxà =/ Ô

Note : [=/
_ " "

ntacostb-acost-asinl.co/=ab(aa4b2 )
?

✗(t) ylt} Zit)

Example : Consider Flt) = acostiasint.btja.b.IO ,
a' + bato. asint-aco.to ⇒ bac+5

/ t' ✗ à / 2EN -
-

L-a-sint.ae#t,b-salt)=L-a-ost-asin-ti0-7
T J K

Ùxà =

• • •

= îlabsint) - jlabc.at) + Klan ) IÙ / = cisirit
,

alcott + b
'

• • •
= { aboient

,
- abcost

,
à = n' + b

'

IÙXÙ / = oibsinat-az-ibico.tt a" / Û / = ( alibi )
"

= cibi + a"

=

a aatbz K: / ÙXÙI / IÙI
]
=

a / (aini)"-% = a / a> +b?



Interpret th normal and tangentiel Components of acceleration

Compute the normal and tangentiel components of acceleration

Use th Pythagorean identify to simplify Computation of th normal component of acceleration

tangentiel and Normal Components of Acceleration

I = j Y = it À = dit K.it , / "Yat
Idi/dtl

à = dû dt =DKlatt + NI di /dt
= d /il dtt + lit / "Hdt / À
= dtvldt T' + KIM? À

ai aù

Definition

d IN
For ai = dt g a

= KIM
'

à = ait + a Ù

Example : Circle of radius 1 : Flt) = ( cost)i + lsintlj

t' = dit /dt = - lsintlî + (cost)]
⇒ lit = 1 K-- t / | = 1

ai = dtvl /dt = 0

ans = Klip = 1

n' / à / = la
'

+ ai
2

ait à

>
,
,
-

→

Î
/ anni

Formulas for the tangentiel and Normal Component of Acceleration ËÏË,

a- = 9-% ami

Example of th Tangentiel and Normal Component of Acceleration

tangentiel and Normal Components of Acceleration

Recall : Ù = di /Jt = dis, -

"Ht = > t' = F.
" Idt à = ait + an À where

⇒ à = dû /dt = DIT . Hdt ) = d'sldtzÎ + d' Idt d'%
,
di /ds = Kat a +

= des / dt' = d /Hbt ←
dt

= d'sldtif-dsldtdids.is/dt an = K (Mat)
'
= KIM

'
←

= d'sldt' ft k (Hdt)
?

À at an



Example : Write the acceleration of th motion describe by . . .

-

Nt) = ( co>t-tsint.s.int - 1- cost
,

t > 0

First Ht) = drydt

?
>
°

Y = ditt =
-sint-sint-il.cat

,
cost - cost + tsint

= > Ht) -_ (tost
,
tsint >

⇒ / ÙCT) / = t'ait + t'soit = ta = t

= +

Now since at
= dtrlldt

= ditYdt

= 1

a- = ait + an À a- (t) = { cost -tsint.sint-itco.tw
un

tact) /
'

= (cost - tsintt-sint-itco.tt
a- À = ai + ai = Coit + t'sinat-atcostsint-tsirittttoit-2tcosts.int

✓ v ✓ n

là/
"
= ai + ap ⇒ / a-(f) l' = 1+1-2

an
= toit - ai

Using this , we write an
-

- là / 2- ai
= (1+1-2) - t

-

_ +

be have à = a,Î+aµN

⇒ ait/ = T' + 1-À



lait .Quiz on 13.5

✓ |
.

rlH-.vosti-isintjt0KcompukB@t-_0.B
-

_ ÎXN Lost
,
>int

,
o
> lit sirit-ic.it -10'

L - sint
,
cost

,
o ) : Ù = 1

=F

= { - cost
,
- sint

,
0 >

i j À

- sint costo
(soit - fait ) ) À

T.at - Sint o

1K

5=40,011 >

V2
.
Flt) -

- that
,
t'b) Compute outil f- I

at = dtvlldt 40
, 2,1-7 = 02+241-2

= +TE = FFF
= HE

= 0.44721

20.45

V3
.
Ht) -

- (1+37) ; -il t -2)j - Jtk UN

AN = là / ' - ai < list
,
f-2 , -3f

> Flt)
( 3,1 ,

- ] ) ÙLH tu/ = 32+1432

= TÉ Lo
, 0,0 > a- It) '

- V14
= to at :O

lait) ) : To
=D

° .it/=aK .
¥;!!

""
✓ 4

. Nt) -

.it/-j-it'Kaltl--j-i2tkT---flt
t
'

Itt
'

-Ifat) -_ -jlzt

torsion at t :O 002

FÉ
hixal ?


