


12.l3Dloordinatesyste-tntrodud.in
to 3D Coordinator System

Interpret some bosic algebraic equations geometn.ca/ly
Distance Formula and equation of a Sphere
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Geometric Interpretations
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Graph of a Set of Equations
a) Point ( x

, y ,
2-) where ✗

'

+ y
? 4 and 2- =3 . °
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Distance and Sphere in Space

☐ the distance between th points (✗" y ,) and (Kiya) is . . .

D= ( x
.
- ✗l' + ( ya - y .)

"

Set of all points in 2D whose distance from the
origin is a constant ( fixed) is called a circle .

a) ✗
'
+ y'a -22+3×-42-+1=0

nz
( ✗'+ Jx ) +

y
'
+ (z' -4-2) + 1--0

⇒ (✗2+3×+9/4 ) + y
'
+ (2-4-42-+4) +1 = 9/4+4

d • Okay. . -2,) ⇒ (✗ +%) ? + (
y
- o)
'
+ (2--2)' = (9+16) y - t

• = > (✗ +%) ' + (
y
- o)
'
+ (2--2)? = 21/4plxi.y.it.)

= (%)
?

> y

à centre is (-312,0 ,
2)

radius = Ma /ai.

Distance between P and Q is . . .

D= ( ×
,
- ✗d' + (

ya
- y,)
'

+ (zizi )
'

the equation of a Sphere centred at th Origin is . . .

Thus
. . .

Distance D= (x
,
- ×

, )
'

+ Ça - y , l' + (zizi)
'

✗
'
+

y
'
+ -22 =p

'

Equation of a sphere central at (xo.y.to) having
Or radius r is

. . .

( ×
,
- 4)
'

+ (
ya
- y,)
'

+ (zizi )
'

= r2

(X- X
.
)
"

+ (
y
-

y.)
'

+ (-2-2-0)
'

=p

✗ + je + -22 =p
?



Geometric Interpretations

a) ✗
'
+

y
' -12-2<-4 b) ✗
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y
' -12-2<4 c) ✗ +yi_ 2-2>4
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12.2 - Vectors

Describe rector> both algebraically and geometrically
Define addition and salar multiplication of rector algebraically and geometrically
Prove th parallelagram law

( y )
→ instruction 2 to th right

I I up .

° Sedar multiplication : c (5) = (Ef

r

ti )

n ( ? )

° Vector addition ("Tip - to -Tail
"

:

( i)

,

±

7

° Basic definitions and notations for rectus
° Vector algebraic Operations and properties of rectus Operations
° Applications

A quantitg such as force
,
displacement, and Velocity is a rector

.

r

Represent i
,

Pa
,
v

P
.

J Î
P = Initial Point

E- Terminal Point
)

L

° Suppose P : ( x , i y ,
iz,) and Q = (✗ "ya ,

z
,
)
.
Then th rector Y ( PQ ) is represented as . . .

✓ = PQ = ✗
z
-X

, , ya
- y , ,

2-
z
- Z ,

V : (x-X . ) i + (ya - y ,)j + tt, - -2,1k
Note : This

"

is collect th Component forn of r .



° Magnitude or Length of a Vector :

v
=PÉE

Note : Th only Vector that his a length of Zero is th tero rector
.

Ô = 0,0 , 0

Note : Zero rector does not have any
direction

summary
° Û = ✗ < - X , , ya

- Y , , -22-7 Û
> Q (× , , Yutz)

•
° Û : (× , -✗ d'+ (y, - y d'+À -7 .)

'

PH
, if , Z , ) n

,

o Ô = O
,
O

,
O

,
No direction

|

7
° Two Vector> are quat if thy have th same length and direction

.
c

Components and magnitude of a rector

a) PC- 3. 4,1) and QI-512,2)

Ù = PÛ =
-J - C-3)

, 2-4,2-1
=

-2
, -2 , l j component .

Û = (-212+1-2)? ( i )'

= 3

Vector Algebra Operations ^

° Let Ù= v. ii. v , and I = v. iv. is be two Vector
. . . a.

ÎÏÏI
j >

Û
,Ù + =

U
,
-1W

, ,
U
,
+ V2 ,

il ]
+ V3

° Katar multiplication :(et K be a salar / KÙ / =/KHÙI
Ù:( 3,1)

^

KÙ = Ku
, ,
Ku
,
, KV]

'
"

'
" 28--46,2)

(3,1 )
7

KÙ = (Ku
, )
'
+(KU,)

'
+ (Ku

,
)
' à / Qui / = 36-14 = 2f10

)

tu/ = qu = Fo
= /KI ui + vi. v5 la/ tu/ = 210
= IKIIÙI



° Substruction : ie-v-u.tv)
=

U,
- V

, , Uz - V2 , V3
- V3

:
>
à

J

-in .
.

_

"Ï . #

Components of a rector

c) y = -1,3 , I and r : 4,710

i) 2mW Qu' = f2
, 6,2) = ( 10,27 ,

2)

3f = 42
,
21,0)

ï) v.v = Ù + ti ) -J =L-4
. -7,0)

=L - t - 4
, 3-7,1+0)

=L-5
,
-4

,
1)

iii) f-v '

ju = { - %
,
%

.
% >

l'ki / = 44+44+44
= Il 12

Components and magnitude of a vector

b) A small Curtis being pulled doing a Smooth horizontal Moor w / a 20lb force f

making a 45° angle to k flair . Uhntisk effective force noviny
te cart forward ?

i.
É If É -

- La
,
b)

paso Ïb a = / È / co> 45°

o o
"
"

b. = /Î / Sin 45°

(os 45? a / IÉI
sinus:-b / IÉI

Here IÉI = 20 Effective force : Liora
,
0

a = 20 cosy-5 =L 1414,0
-

- 2052/2

% Iota =
a



Properties of Vector Operations

Lct Û
,
Û

,
and Ù be three retors and ab be scalars .

° Ù + Ù = t' + Ù
° lui + i) + Ù = à + (jiu)
° Ù+ Ô = Ù

° Ù + tu) = Ô

° Où = Ô

° 1- à = Ù

° (ab)à = a (bù )
°
a fuir ) = ai + air

° (aib)à = où + bù

Unit Vector

A Vector Ù of length I is called a unit vector .

standard unit retors :

i = ( I
,
O
,
O )

j = Loi ,
0 >

K = LO
,
O

,
I >

Notation ! T' = (1,0 ,
o )

, J : (o ,
I
,
O ) ,

À =L 0,0 ,
1)

Ù : (V
, ,
V
, ,
V
]
) = t.LI , 0,0 ) + Va /0,110 ) + V, LO ,

O ,
I )

= V
,
T + Vzj + V3 À ← K" component
î "

jth component
it" Component

We can convert a given Vector into a unit rector by simply diri ding it WI
its own magnitude .

i. e. Y = il /ÙI ; WHO .

lit = 1%11 =

,
' il

= 1-

d) P
,
II. 0,1 ) and P

,
/ 3.2.0 )

à =P
,P, :( 3- 1,2 - O ,

O - l ) / Ù / = FÉ = f9 =3
= La

, 2. - t >

Ù = ¥, = ¥ = % Laid .
-1 >

= 421] , 21] ,

- kg )
,
IÙ / = 1



e) If V = Ji - 4J is a velocity rector , express r as a product of its speed times
its direction of motion .

Speed : tir / = 9+16
= 5 > speed

Ù = ¥, = 4513 .

-4) =L ]/g- , -41s >

Ù = (speed) ( direction of motion )
= 5 ( 315 ,

-41s )

f) A force of 6 newtons i, applied in th direction of th rector r-_ ai +2J - 1K .

Express th force f- as a product of its magnitude and direction .

Ue Cant simply do : F- = 612,2
.
-1 >

.

IÉ / =/ 6 .

IÙ / = 4+4-11 =3

F- MNI = {% ,% ,

- Y] )

Now ; È = 644s , % ,
- Y] ) ,

Ë / = 6
-

g) A jet airlines , flying due east at 500 mph instit air , encounters a 70 - mph tailwind

blowing in the direction 60° north of east
.
Th airplane holds its compass heading due east but ,

because of wind , aquires a new ground speed and direction . what are they ?

N
Ù :(500,0 )^

j
Ù = ( 70 co> 60° ,

70 Sin 60° )

n
à +û

= (35,35M >
160

' Î
S S E

Û Ù +Û = {535,3553 )
tu +Ù / = (☐5)4135Ff

?

= 538 mph
n

>
( 535,35f)

:
' Ô = tant /

""

yo ! Y
,

535

✗
î 6.5°



Quiz on 12.1/12.2 100%

1. Compute ( ? ) - 2K ) : ( j) , ( 4)

2
.
X
'

-2×+5 - aytz -42--20=0

(✗2-2×1=1×-15-1
(j-2g)

-
- (
y -15

- t

(72-47)=(7-2)' -4

(X - 1)i (y- 1)
'
+ (z-25=20+1+1+4

= 26 = (Fsb)
"

centre is ( I. I. 2)
radius = f26

✗ J
.

Ù A -_ ( 1,5 )
Û

, @
( 4,9 )B :(4. g)

Y
- coord - ci ?

4,51
•

(4-1,9-5)
< 3,4 >

opposite ( 1-4,5-9 )
( -3 ,

-4 )

unit rector

IÛ / = 9+16=5

451-3 ,
-4 )

( -315 ,
-4 /g) î - 0.8



IL} Dot Product (
pg .
728-730 of section 123

Dot products are an Operation that combines two vector> into a salar . They tarn out to be fondamental}
Connected to It geometry of Rh and useful for many things .

Compute th dot product of two vecteurs

Compute th angle between two non zero rectus

Describe th geometric properties of tl dot product

Angle Between Vector I Dot Product

j
"
i - i

O i
à

laine Law :

,

(u
,

- y
•

+ (u
,
- va )
'
+ (u
,
-g)

°
*

2

à _j
°

Ù i
°

2 à i ios - )
^ r

u? + ai + ça v.
•
+ vi. ça

*
u? - dur

,
+ v? + UÎ - aura + ri + u? - dois -1ha 2am - dais - Qu ] Y

2 à i cool -

=

Cos
"

UN,+UaVa+u
à i

the angle between nonZero Vector> Û = u
, .ua , U, and t' = v. va .rs is given by . . .

For Ù = 4. Va , U , and Ù = v. va ,
V
, ,
th dot product is :

I. Ù = un + UNA + UN,

Two Vector> scalar

Cos
" Û . Ù

HillHill

^

EX
.

j
TI 2 = Cos

" Û . Û

Ma ÙHHÙH

> ,

= > Ù . Ù =
OÙ

Coo a) = ii. Û =

NIMMI



Vector Ù = u
, , va , u, and t' = v. va , V] are orthogonal if ÙÙ =

Exemples on dot product of two rector>
Exemples on has to find th angle between two nonzero Vector>

Algebraic and Geometric properties of th dot produit
Dekrminingtl orthogonality of two rectus using 1h dot product

?

the Dot Product i
"

! >

•• Û
• Iùllvlco>

0

the dot product of Vector> Ù and Û * Notice Ù .Ù = u.it, ils
°

u.ik.us

= n' + ai + ai

Ù = U
, Null] ,

Ù =

v. vais

⇒ ii. à = ui-iu.tv! IÙ/ =ui-iu.at#isthscalarquantity.
. . IÙY = ui + vêtu?

4 ° 4 = µ

'
d

ÙÙ = V.V, + un, + u,r,
> scalar

Example 1-

a) " = 1
,
-2

,

- |
,
✓ = - 6,2

,

-3

Ù . t' = ( l
,
-2

,

- 1) • C- 6,2
,

-3)
= (1)C- 6) + C-a)(a) + (-1×-3)
= -6-4+3
=
- 7

b) y = Yai +3J -11K ,
✓ = Yi - lj -12K

ii.Y = ( 'b)(4) + (3)1- 1) + 4)(a )
= 2-3+2

= 1

Angle Between Two Vector, à
^

y
① )

i

theorem :

the angle ① between two Vector> ( non- Zero) Ù -

- tu
, .ua , u,
) and I :(v. vais > is :

① = [☐j
' UN,

+ UN, + UN]

lit . /il

✓



or
,
we can write 0=05

' ÙOÙ ii.i IÙIIÙ / as
IÙIIÙI ii.

i-un-iu.n-iusvs.it
←
,
- à
-
"J'

= ùttv) à
>
^
ii. Ù

ùttv)
)

j
'

i
<

-J

ii. Ù -
- lui /

°

Example 2

4-- ti - dj - 2k and u -- toi -13J -12K

① = (☐j'
ÙÙ

tutti /

=

coj
' 6-6-4

1+4+4 ° 36+9+4

=

Coj
' -4 = Coj

' -4

3.7 21

✗ I. 8 radians 101 degree>

Example }

find th angle inth triangle ABC determined bythvertices A- (Ov)
,
B-Bis) , and c-(5,2).

^

CA =

-5
,
-2 CA = F+4 =

29£
CB = -2,3 / CB =

4+9 =

☐

( • c

•L )

A CA . CB = Ïj ! _ y

① =

Cos
" ÉAOCB = Cos

" 4

CA / CB ragots

+ 78.1° ( 1.36 radians

Orthogonal Vector> in

Ù - t -- lùllvlcooo ji >
à

If the angle between redois is 90° ⇒ ii.E- o If 0=1800
,
Ùov = - tu /KI

If 0=0
,
ii. E- lùllvl <

à
>



Example 4

a) µ=L] , -2) , ✓ = (4,6>

vi. j = (2×4)+(-2×6) % Ù is indeed orthogonal toi . ( à ti)
= la -12

= 0

b) a=3; -2J-11K , v -- 2J +4k

Ù -Û = (3)(o) + 1-2)(2) + (1) (4)
=

y

% Ù | Ù
.

c) D= (0.0.0 is orthogonal to euery rector u .

Suppose À = Lui
, Ua ,

U ]
)

⇒ Ù .Ô = ( u
,
Ko) + (u,Ko) + (Us)(o)

=

0

Furtheir Properties of th Dot Product

Letur
,
and it be three rectus and C be any salar.

Û - Ù = Ù - Û Commutative Û-_ Lu
, ,u.) ,Ù -- Lr, Na) ÛÛ =

UN, + UN,
= Vit, + Valla = ÙOÛ

ii. (jui) = ii.Ù + ii.Ù Distribution Proper ty
Ôou = 0
(ci) -J = div) salar multiplication
ii. à = hit

Computing th salar Component of one Vector along anothr Vector
Computing th rector projection of one rector onto thanother rector

Decomposition of a Vector using projections
Application of projections in Computing Vork

Vector Projections
Û = tu / Cosa , tu/ sino

ci ?
i. lui loin

70 !
, Ue know that ii. Ù = tutti / woo

.

The salar Component of Û along the rector it is
mi
tut Coo0

tu/ as = ii.Ù = l (ii. i ) = à

lit / Il lit



tu/ Cos = Ù . Ù = Ù . (unit rector in th direction of i )
lit

= hit . ±
µ,

COJO

= 1

What we want now is a rector that you in
th direction of i and has a magnitude

0f IÙKOSQ
.

Ue want th magnitude to be kilos and we want th direction to be th direction of it
.

The required rector is lui/ Cos Ù
°

lit

Projection of ci onto Ù = Proj , Ù = là/ as Ù

KI

Notice : Proj, Ù = tu/as Y
;
?
"

Katar Component of I in th direction 0ft
lit

;
=

à
= tu/ as Kl ) v Ï si Û Cos

=

lit

HHH
IÛI co>0

=

à.ir

lit

Example 5

projection of u -- bi + Jj+2K onto ✓ = 1-i - dj - 2k and Katar Component of u in th direction 0fr
.

Proj ,Ù
=

ÙÙ Y = 6- 6- 4

( / + y +y )
'

"
'
'& - & ) = -4 ( l

,
-2

,

-2)

lit q

= ( (Yak) , (-44×-21,1%11-2))

= (-41g , 81g , %

=

ProjÀ

Katar Component of ci in th direction 0ff

= ii.j = -4 q
= -4/3

lit



Example 7

Verify that th rector u- Project is orthogonal to th projection rector Project .
same direction ont .

Check ( à - Proj, à / ☐Ù = Û -Ù - projju.rs

= ii.y _ viii.Û
lit
'

T T

=

ii. Ù - ii. j j
'

lit

= vi. Y - ( ii.i)

=D
,
B

Û
,

^

;
°
? Ù- Proj ,

Ù and Proji Û are orthogonal . ù- Pnjiù !
:

s
: >

yÛ = ProjjÙ + Ù - Proj,Ù Projrù

Projjù = ii.i i
hip

scaber Component of I atongv = Ù -Ù

lit

Û = Projjù + Û - Projrù

Example 8

If IF / = 40N (newtons)
,

/D) = 3m
,
and 0=600

,
find think done by Fin acting from a point P

to
a point Q .

Wort. done Étais ✗di>placement) Norkdone = ÉÙ
Été?

= ( IÉ / co> ① tpa

•

• %.io ! = ( Klux) /il
pt

g
I Q Élo"

= É .
Ù

>

Wark = / Él - l d't.co/O--l4o)ts).cosl6O')
= 60J (joutes) .



12.4 Cross Products (
pg

. 736-738 of section 124)

☐ Compute th cross product of two (three dimensional) retors
Compute th area of tn parallelogram formed by two rector
Find a rector orthogonal to two other rectus

Describe 1h geometric properties of th cross product

Cross Product

^
à Û 1 • normal to ie and it !

)
) 0

à set à th unit normal to ù and F obeyiry Right Hand Rute
✓

il
y

° Two rector> foin a paradetyran
! iilsino

• Aren of Parallelogram
: base x height = /vit/Hsin(o)

:

10 :

à
>

Geometric Cross Product :

Ù ✗ Ù = (tutti/ Sinlo))À ' unit normal rector

aren of obeyinyR.HR
parallelgran

Algebraic Cross Product :

For Ù = u
,
i -i u,j -i u,Û and Ù = v. î + KJ + V, Ê

UXK (uav, - una) i - (u ,r, - un)j + (u , va -uav.lk

Determinant Cross Produit :

Ûxv = i j ti
U
,
U z U ]

V
, V2 V3

☐ Definition
, properties and examples on Cross product of two rectus

Using Cross product to Compute Karen of a parallelgram
Using Cross product to Compute It volume of a parade/ogram



Cross Product

The cross product of two rectus à and it is th
given by :

ÙXÙ = (tutti/ sino) Â where in ist unit rector that perpendiculaire to th plane that contains both ci and it
.

° Two non-Zero Vector> à and i are parallel if à ✗ Û = O .

Arca of a Parallelogram
: i ?

-
- -

- -
- -

ï
| /v7sino ,

'

10 ! )
.

'

'

ù

Ùxv = ( tutti/sino) n'

⇒ ùxv = lùllvlsin
- un

= (box height)(height)
= Area of 1h parallelogram

Properties

If Ù
,
Ù
,
and Ù are any given

rectus and r and s are scalaris
,
then :

' Ùxv = - Îxu
2 Ùxlvtù) = ÙXÙ + n' ✗Û
] (int)✗Ù = Jai + Ù ✗Û

4 (rû)✗ GÙ) = (rs)(cixi)
5 ÔXÛ =Ô (def )
6 vixlvxù) = G.ù)i - Lüthi generally Ùxlv ✗Ù) =/ (ùxvlxu

L

îxj = Û , Âxj = -îî
•

j' ✗À = T

• ri À ✗ Î -- J
> •

^

j

Determinant formula for ÙXÙ :

î J K

Û × = Ui Uz U)

K V, V
,

✓



Example 1

Find Ùxv and ÙXÙ
,
Ù= ai + lj-ilkmdv-ti-izj.lk Note det a b

= ad - bc
c d

Ùxv = " J À = 1^(1-3) - j (2+4) + À (6+4)
2 I I =

-Iî - 6J + IOÛ
-4 ] t

ÙXÙ = ai +6J - tok because ! Ùxv = -ÙXÛ

Example 2

Vector Perpendicular tok plane Pll , -1,0) , ① (2.1-1) , and Rtl , 1,2) .

Let's find H rectus :

ÀR =L-2.2.2
ÀQ = ( l , 2 ,

-1 )

Now
,
ÀR ✗ PÛ =

" J À = ff2 -4) -J ( a-2) + À (-4-2)
- a 2 a

=
- Gi + Oj - GÛ

1 a -l

the required rector is - bi - GÛ = f6,0
,
-6>

Example 3

Find area of th triangle Pll , -1,0) , 0.12.1 ,

- 1)
,
and Rtl

,
I.2)

.

from ti Int example , we had ÀQXPR = / 6.0.6>

IÀQXPÂ / = 36+36 = 72 ; Arca of tu parrallelogram determined by À and ÀR
.

Aren of It required triangle = % / ÀQXÀRI
= f7212
= 4×18/2
= Mg =3Ta

triple Scala or Box Product
I Ùxùllvlco>0

Volume = /Ùxwl - tutus = llùxù) -il
= / tvxù) . il = V. (Jai)
= / vi. lùxw)



trxûlllùlcosol
=/ (ini) - vit
= Ù . ( Visu)

Volume = / Ù. (txt) ii. i. and Ô
= II. (ùxu ) /
= lui .ci ✗ ù) )

(Û ✗ Û ) . Ù = ui ui U]

V
,
V
,

V,

W
, Uz W]

Example 6

Volume of th box : u: Ii + 2J - IK , r :
- ai + OK

,
and a- 7J -4K .

* a determinant

Volume =
' a - t

= 110-21 ) - 218-01-11-14 - o)
-2 0 3

= -21-16+14
0 7 -4 = -23

= 23 unité = llùxitù /

Area = / ùxvl
Volume = / (ùxv) - Ù/



Quiz on 12.312.4 100%

✗ 1. Angle a :(2.2.0> and Ca
, -1,1 > ( 10" of a radian)

① = Coj
' Ù - Ù

lùllil

=

Coj
' ( 4-2+0 11.18

ff+4 -114-11-11

=

Cosi
' 2 2 = 1.277953555 ' 1.3
f8-1/56 F8.56 or 73.22°

= 1.18214 . . .
or 67.73°

✓ 2. Volume box
II. 1,4 > ,

/2. 1,3> iandl - 4.3.2) ( integer )

Volume = Il 4 = / (2-9) - / (4+12)+416+4 )
a 1 3 = -7-16+40

-43 a = 17

> 17

✗ 3
. 2- - coordinate normal vector ( integer)

PL-a.IM/Ql4.9.-3),mdRl3ili0)FQxPR
.

= 44+2,9-1
,
-3-5 ) PÂ =/ 3+2 , -1-1,0-5 )

46
,
8

,

- 8) 15
, -2 ,

-57

Fax pie : ÎIK = il-40-116) ) - J (-30-1-40)) + À (-12-140))
68-8

5- a -j

- b-GÎ - 10J - 52f,

>
- 52 152



utorial # W Dr. Daniel Moghbel

. Solution Steps :
° Given point P and

any point Q in the g.2-
- plane ( i.e. , Qloiyit)) . express Equidistance proper} in terms

of third point Rlx , y ,
-2) :

PR
'

= QR i.e.
,

PR / = QR
• Simplifies Equation from Step 1 :

Ix- 1)
'

+

y
' -12-2 = ✗

a
t >

✗ = % / / + y
' +2-2

b) ( Infinite Parabola.d)

4. Solution Steps :
° Leta -

- Ù
,,
+ It where ci

,,
HÙ and Û

,
1- Û

.

° Since Û=u - projuu-projju.ve fake

Ù
,
=

proj.nu =
Ûow Ù = -1011L

-a. 2,1J -Ù 4+4+1

= - -2,2!
= 2

,
-2

,

- I

and

Ù , = Ù -
proj☐ à

= 5
, -1,3 - 2

,
-2

,

- t

= 3,1 , 4



12.5 Lines & Planes

Write the rector equation of a line given
a point on th line and the direction of th line

.

Vector Equation of Lines

Equation of Line in 2D :

y - yo
= m(x - x . )

µ
Slope ofm

•

" ' Y)

• Holy .)

Vector Equation of Line : r to + tr

E In 2D
,
Chase = 1

,
m

y →

Po ( ✗° / Yo , -20 ) > ✗ = ✗
☐
+ f1

> y F- À + tv s

y g.
+ tm

ai
§. Plxiyit)

) ✗

Given a point on th plane and anormal to th plane, write th rector equation d- te plane .

Equations of Planes ^
n

it

> y

•
Po (✗o.jo/Zo

)

>
•

playF)

✓ ×

Equation of Plane: n . pop = 0

Example : Po (1,2 ,3) ,
À =L4

, 5,6 >

Pop = × - 1 , y-2,2--3 >

À • Pop = (4,5 ,
6) • { ×-1

, y-2 ,
Z - 3)

= (4×-4) + 15g- lo ) + (62-18)--0
= 4×+5y +67 = 32



Different forms of equations for a line in Space
Distance 0f a point from a line

Lines and Manes in Space
n 7-

>

✗
l

sy

2D :
NY

y
= mx + b

, M = yz- y ,

•

y-y,
= mlx - × ,) ✗

a
- × ,

> ×
y
-

y, = ya - y , ( x - x , )

• Slope ✗ z - X , m

• Point

3D : rt

o Point
• A rector that L is parallel to .

À

Sy

↳

Suppose L is a line that pisses through PH. , yo , 2-o) and is parallel to a Vector ✓ = Y , K ,
V
,

in Space .

Let Okay ,
z) be any other (general) point on th line.

From th figure : X - ✗
☐
= tr

.
✗ = ×

.
+ tu

,

PQ = tv
,
ftp. y

-

y.
= tu ⇒

y
:

go + tu
2- - -20 -- tu

,
2- = -2

.
+ tv
,

✗ -✗
☐ , y

-

yo ,
2- - Zo

= t V
, ,Va ,
K

"

parametric equations
Vector I is collect th direction rector of th line

.
for a line in space.

nt

Notice : That tis multiplied with
p ti Q from here

. . .•
,
- Component of J

.

%
.

"" Mt) -_À + tu

dy

is th rector forn of equation of a line
.

↳ Where À is the position rector of K point P and HH is th position rector for Q .



Example 1-

find
parametric equations for th line through (-2,0/4) parallel to ✓ = ai -14J -2K.

The equation of th line is :

✗ = ×. + tv, = -2+21-

y
-

-

y. + tu
= 0 +4f

Z = Zo + tu]
= 4- 2f

Example 2

find th parametric equations forte line through PC -3,2, -3) and QU
, -1,4 ) .

the direction rector in this case can be representée by . .
.

J '

%
,j' = ÀQ = 44

, -3,7 > •

p

the equation of th line is . . .

✗ = -3+41-

y : 2- 3T
2- =-3 -17f

Example 3

Parametrize th line segment joining th points M - 3,2 . -3) and QU ,

- I. 4) .

•

Q

Ue had
. . .

F
✗ = -3+41-

y : 2
- 3T

2- =-3 -17f

0 Et £1

We had
.
. .

i time

I (t) = À + TÛ > velocity dx dt = ✓

Initial Position ✗ (t) = ✗☐
+ rt

t

position at any tiret

Instead
,

,
time

i
F (f) =À + t /Ù/ lit >

direction of motion
I

Speed



Example 4

A helicopters to fly directly from a helipad at th origin in th direction of th point ( I , I , I) at a Speed of

60ft sec . What is th position of th hdicopter after 10 seconds
.

^
Z

Ue have
. . .
Nt) -_ À + tlv /(ÊT) •

'" " "

j' i

Nt) -_ <0.0.0> + t /60Kfr, , Yrs , Yrs • y

<
✗

⇒ Mt) -- t 0% , % ,% Ù --4,1
,
,> ⇒ Û lit =L % , Yrs , Yrs

⇒ Mt) = t 420F .
20F

,
20F

Now at 1- = loi

F110) = 200F21 , 1,1

Distance = / F40) = 600ff

Mt) --À + TIMElit
The Distance from a Point to a line in Space •

s

^

|À / sino

We want to find the distance of S from a line
I

that
pisses through P and has t' as th direction rector

.

•

10
i

p

Required distance = 1ps sino
Note ÛXÙ :( lui Hils.no)À

= / Ps / sino - Û tu ✗il = lùllùlsin

ù

⇒ distance = Psx
→

Example 5

Find the distance from th point slt . I.5) to th line

:
✗ = 1-it , y=3

- t
.
2- = at

✗ = 1- + t
' P : ( 1,3

,
o) = > Ps =L 0

, -2 ,
5

y=3
- t

2- = 01-2 t ^ Ù =L 1 ,
-1

,
2)

✓



PS ✗ j' = ? J K
= TG) -j-5) + Û (2) = { I.5,2

0 -2 5

l - l 2

ps × =

1+25+4
=

30
,

/ Ù / = It / + Y =

6

finally. distance of S from = À ✗Ù = 30 = 5

lit
6

distance = 5

Summary

✗ = Xo + tu

y = yo + tu

z = Zo -1fr]

Mt) = F. + tu } ; HH-I.it/i,rY;d--lPsxr
lit

Different forms of equation for a plane in Space
Distance 0f a point trona plane
Angle between two planes

Lines & Planes in Space
in

An Equation for a Hane is Space

Suppose we have a plane that contains th point >
• ans."

Po / ✗o
, Yo ,

2-
o ) . •

Poko , Yoto)

Suppose À is th normal rector of th plane .
Leta be a general point on th plane.
The recto. À is also contained in th plane.

• A point that Plane passes through .

• Normal Vector
.

J

RQ and À are this orthogonal to each other .
then

. . .

must
À . f0

,

= O
' Vector forn of th equation of a plane.

La
,b ,
C . X - X. , y

- Yo ,Z - Zo > = 0

=

a/✗ - X. ) + bly- y. + C Z- Zo
= O

'

Equation of a plane written in Component forn .

>

a ,b.c = À
d

=

a✗ + by + CE = ax .+ by. + czo
>
a✗ + by + CE = d



Example 6

find an equation for th plane that pisses through Pol- 3.0.7 and is perpendiculaire ton -- Ji +aj -1K .

The equation of tl plane is :
g-mx-ibalx-X.tt/y-yo)-cl2---2o)--0--5(x-i3)+2(y-o)- t (2--7)=0 y
-

y,
= mix - x .

)

= > 5×+2y
- 2- = - 22

Using a✗ +by + Cz =D
b-✗ +2g - t 2- =D ,

tatie ✗ =-3, g- 0 ,
-2=7

⇒ - 15+0-7=4

⇒ D= -22

Example 7

Find an equation for tl plane through A/0.0.1 ) ,Bla , 0,0) , and dois, o ) .
in

AB =/2,0,
l

AC = 0,3
,
-1 ?•

A
•J ^

The normal Vector = À = AB ✗ AC
' •
c

=

i j Î

2 0 - t

0 3 - t

= îfz) - j/-2) + Û(6)
= 3,216

The equation of th plane ii. . .

31×-0) + Xy- 01+6/2--11=0
⇒ 3×+2

y
-167=6

Example 9

find
parametric equations for It line in which th planes 3×-6y-22=15 and

2x + y -22=5 intersect
.

-

±

'



A point that th line of intersection pisses through :

Takezo 3×-4=15
2x + y

= 5 > = >
y
= 5- 2x

2nd ✗ 2 > 12×+6y
= 30 = 5-2137

1511=45 y=
- t

✗ =3

Therefore (3
, -1,0) lies on the line

.

Now ve heed te direction vector oft lire .
À
,

= 43
,
-6

,
-2 > , Àa = (2,1 , -2>

th direction recto- of te required line is
. . .

j' = n'✗Àa

Ù = À ✗n
,

=
Î J Î = T (12+2) -J (-6+4) + À (3+12)
3 -6 -2

= 14,2 ,
15>

a t -2

✗ = ✗ ☐ + tv
,
= 3+147

y
-

-

y. -1fr,
= - t + at

-2=-2
.
+ tu
,

= 0 -115f

Example to

Find H point where th line ✗ = % -12T
, y =

- at ,
2- = tit

intersect> tu plane 3×+2y -167=6 .

Suppose k line and te plane have a q
i

point in common . .

'

÷

Using Ky ,
and Z from ti line

,
substituts'y

Ihn

into th equation oft plane .

31%+21-1+21 -at) +64+1-1--6
=> 8+6t - 41-+6+67=6

⇒ 8f = -8
⇒ 1- = - I

Using this in It equation of line
.

✓



✗ = 8/3-2 = 21g

y
-

_ a = a

2- = l - l = O

Th point of intersection is (% ,
2,0 ) .

Distance of a Point from a Hane
Î

/À / ↳, -
- - - - - -

- - -
• s

ithe distance of the points from I id
th plane that pisses through P has À P i

as th normal rector
.

= D= Ps co> 0 .
À

tri

⇒ D= Ps . n

là /

=

pg . h

À

Example It

Find It distance from SH . / , } to th plane 3×+4+62=6 .

•

sait
.
3)

D= ps . À fake × -- y :O
À =>

2-=p

P (O
, O ,
I)

Here À = 3
,
2,6 / À = 9+4+36

= 7

⇒ À = { 1 , 1,2 ) p p(Oizo)
3×+3+67=6 -

t

D= À ;Ê,
= { |

, -2,3 oh % , 4- ' %

⇒ D= 34--417+18/7 = 17/7

Angle Between Manes

the angle between two intersection planes is defined to be Hauk angle between their normals .

① = [05
' À

,
° Âz

lnillnzl



Example 12

Find te angle between th planes : 3.x -6g -22=15 and 2×+4-22=5
À
,

-

- {3
,
-6

,

- 2) riz -12,1 ,
-27

① = Cosi
' À

,
• Àz ° alx-xol-ib.ly- y. ) -1 ( (7-2-0)=0

/À/ trial . ax-iby.cz =D D= pion
tnt

=

Cos
-
' (± ° normal Vector À = < a.b. il

21 • A point on th plane

11.38 radians or 79 degrees .



Quiz - on 12.5 100%

1. F- 4,2
, ] ) -11-1415,6 > (

p/ 1,2
,
])

•
>

<4,516 )

i

ii. Lalit>

2.

axtby-icz-dax-ly-ilz.cl
•

pho
,
-1 )

alx-xol-lbly-ydtclt.ro) :O
⇒ 21×-1 ) -1 / (

y
- o ) -1/(-2-11)=0

2×-2 -11g -117+1=0

2×+4+12=2 - t

2×+4+17=1

g.
•

SU ,-2,3) int :\ y -14+1 =3

D= p-s.nl
psy d'- LI

,
-2,01044] , -4] /

'B > |

=L 2/3,4/3,0 )
2x -2g -117=3

d'-2/3+413+0
P(0.0.3 ) À :(a ,-2,17 d-- 2

PJ :( l
, -2,0 >


