July 19 (Lecture 17)

Overview: Our first task today is to finish up working with de-
terminants, including seeing how they relate to invertibility. After
that, we’ll move on to our last big section of content: eigenvalues and
eigenvectors of matrices!

Learning Goals:
e Relate determinants to invertibility.

e Precisely define and compute eigenvalues and eigenvectors of
matrices.

As you’re getting settled: *CES w» ovalelde |

e Homework 9 is due tomorrow (Tuesday), at 11:30 pm.

e Homework 10 will be out tomorrow, due Friday, July 30, at
11:30 pm. It will be on material from last week and this week.

e After that, our final exam is on Thursday, August 12.
More information to come closer to the beginning of the exam
period.



Eigenvalues and Eigenvectors

5 12 —6 2 0 0

Example. Let A= |0 =3 0 |,D= |0 =3 0}, S,= {é1, é5, €3},
2 —2 =2 0 0 1
3

i

and B = ¢ . S and B are both bases for %3.
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e Surname A-F: compute Av;. Surname G-M: compute Aé€;.

e Surname N-S: compute Dv;. Surname T-Z: compute De;.
. B N R ) 3
AV\ - |: ° ]ZQV‘ QVZ: |:_3 - _:ﬁa Q\Ah: |: © =4V,
d "6 2
5 12— - b
e[ e[ D] e[
s 9 0 bo
Oy, = 0 Vo~ | O Vg * Oi|
| Va ; Dvy 5

A 0
Dé/\: = é 3 = s S O
2 de, Del ‘3 =384 Dcf [ o] =g,
|

Take-away.
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AER

[ AN w\:‘«\b on LW‘\ C\Wf\‘f\\\\-\ %1

Definition. Let A € M, ,(R). If ¥ € R” i§ 2 S——— vector s?ch)

that Av = M, then we say that X 1w m einenvabe fe B od Vo @ o 3en\/ec\vv
Rr A CDCTwYJmAuD b N (oenediones e M3 Prar ('X.Y‘/S Yoon el aex\‘(n\\xe,—ci auwe_c.)m“ ‘fﬂi\f)

Example. Foe A Q,-3,00 | ae e-vols, df e-vecs V..Vz,\Jls.

Tor D, oo 2,-3,| og e-vels, 4l e-vey & ,Ez,€3 rez‘)ec}r'IVc\:)-

?o( T_“ e v 6‘?{\ be non-zeo. Then 'S_hi‘/: (l(z 'Li\/ .90, L» an e-val for T, amA g\r% NON-2eco Vedor 13
N e-Ner s:cx 1h,(,orwb\obr\&\(\\) o 4.

Example. Do eigenvalue/eigenvectors always exist, for any matrix?

Let B = (1) _01_. Ly v-[ , #0 Then

%V\ = |:? —0\] LC__ | and BV-v= (—\Q(o\%(o&\)\ =0, Thay, B )V ove 0(\\\0(:)0(\0\\\.
RV 3D (sme ¥40), 0nd > B ® nY A Stes m\x\\\p\e, of V.

0so & B T 1w \"e_v\\ el /e -vecs) N

Take-away: W\ Shl Yo tem covelsfeoves 1n Sws Course, o P
Cﬁmp\@( PAROLS 0rg, Yhe ! nedara) eadar Q\Jr vy le-ves .
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Finding eigenvalues/eigenvectors: For exam‘)\e, ek x=[% 3 ] ,
/(0 Q‘mg 4& WLQA Sm bo\\/rz, XQ‘:’)\\A/ Cor 1 o«\c\ i

Rewrde’ yo -9 = %e-XTev = (x-AL)v = B.

'fo mmvx\u, M \'\M’L W o on- Tero SD\V\\'-\OQ \ '\0 (\( \'\/Uﬂ wue fequire NU‘\\ (X— ’)\13) #- 36%
J (ie > Non-rwiod).
s odhan © U\\M\m\“m feoem 354 to x-%Tg \oe«D 0on - weeckiole, | or

e e (,or\é\l\ioc\ AL‘PU\&) % o A o 1y Sowe Qo( AL

0= (% -NI) = c\e,k["g“_‘ij = (@Y = ke N 4= Xk e (en)(ned),
=3 %=3,-2 e W % evols foo X4

035D Theorem (6.1.1). Let A € M, ,,(R).A [m\\] nutbee A iy o0 e-vel
' e A and 0(\\3 ' ded (A-AT,)=0O.

If X is an eigenvalue of A, then o) Mun-2eco slomd bo (A-AT)F =D
I\ 0\\\ of Sﬂ» C\Dm\‘té(ofb Qor A Corc ZD*{)Oc\é\'\kC\) ~\-b N.
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S - AX, A 1L-6 1
O ->% O
Example. FO( g\;—_ |: g Z g j| ;e \\QVQ, e,\-(g ’>\_Y-§ I: Y

- -a-

A TR ISl BTG (CEVER N

= _(3)(cloan-h R r2) S (N -3
= ~ (D) =0

=Veveld of A ae -3,9,1 (@ ue > \OJDQJ\,
Cpm‘l)u\ akon of e;\e.n\(e_c\()ca (V\hc

A= I;i \; %J—J A=-3,2.0. W ae % C\DU\VEL\DQ

A - =
A3 (V= [ i

e o]’“ |:O . I/L] =+ 5\0““%[ ]73 » con Choxe - |: j| 3)[‘/i|J
23 <J\jl |;lo? ] =7 Nl (A-91) - b\“““é[ ]?S w chove Va |: ] /
Azl A-(D1y= l&‘ﬁ g’—J [LOO'D Zq:l“ =N (A-1o): Sfﬂﬂé[ ( ]z s e V, = |:Q—‘| Vv

230 A-(R)14- I:az 6

p.350  Definition. Let A be an eigenvalue for A. The eigenspace for A

corresponding to A, denoted FE)y is e ook o <\ eevecoes hoe A coreopadiag
\'“ r)‘,f)\b Wel\ o YW Zeco Vechor.

Tn dods B Zﬂ(').)= N\r\\\(ﬂ—')\l) .

pas  Definition. Let A € M, »(R). The characteristic polynomial of
A 1S &L\'(p"{)\l\ Nodeion : Tt : C(V)

 Josegh * C. () (e spect (:)\-k.
M )

Example. Let B = [0 B

1 )
L0 ] be as before. E {x
00 = 2@ 88 [ 17 = oty i o o ek 1o

=) No e %-Vl\\sy

[%Vér" R o (pm@ﬂ.‘/\ evads, ot Nal= ()0
N=\ |:|" : ] :T’ |::) ;—J S ia('|\= W“%.[il]—%‘ s.m.\m\.3, £ql) = Sfm\é[-:]g. ]
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Example. Let C' =

o O O
o O =
o = O

- (Repecdel 3 Himest, ).

Avenenyion = A .

Definition. Let A € M, ,(R) have an eigenvalue A. The algebraic
multiplicity of A is

[ o (]

The geometric multiplicity of X is He dimension of cipnspace
he % den (£4(0),

Example.

the B Al b %:3,3) wee o\ =1
Yeo ook of M12,9,) uee W\l =12,

Voo ¢, ala Mot ol =0 uee
0‘0'"‘“\\ ok Az 0 wo oo L.
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\\\n\t'- \l\\o}c’s \§ %m, of CA('X\? Toens m\'. N U\Wh\ o ol
5 W osum of W rx\a,,\mc tVghds © o e_c]\m\Jn n.

0.3 Theorem. Let A € M, ,(R).
(6.1.2) If X is an e-val for A, then |t spo. oo dn £ alymir & .

(6.1.3) If Ay, ..., \p are distinct e-vals for A, g\ cvess VoV«
(,d‘rm\em&\r\a Yo ')\\l---|’>~K \‘mP&L\\VL\:) ﬁ-\—u\ é‘}.u---;@v\%'\b anwb c‘epmcs(,nsr'

235 Theorem (6.1.4 (3.5.4)). Let A € M, ,(R). The following are
equivalent:

1. A is invertible.
11. O Y\_m\r an c'\\c)q,(\Va\\A& Ge A

Proof. B+ wedde G2 Nall(A) - 885 = WA (A-0T,) - £A(°)

(=Y 0 ok wn evd he Ao

Example.

°E3 Arocern Qz.\.t‘\, S, W Yo Fred AR, &d o have 0 ® an e\am\lo«\m, ve e N ABYX ore
o\ iweNoe .
Do Mo ohves hond | G o nov iovedde (O vt o e Py RREF &b ).

2 3
o v B we (_m\A (umf,u\t, N UBU\\MC\QO é [?], [z] ) |;Dnj|’g' m& \03 ’“w(u(\ ﬂ),\ff}, W 3 of Vedws
B LT, % ue Sokun ‘e free (S YRS N\\m\\s n oo G R
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Eigenvalues/Eigenvectors of Linear Maps: We can define e-
vals and e-vecs for linear maps in exactly the same way as for matrices
(hence the copy/paste of the definition)!

Definition. Let L : V' — W be alinear map. If ¥ € V is a non-zero
vector such that L(v)) = AU, then we say that A is an eigenvalue (or
e-val) for L and v'is an eigenvector (or e-vec) for L corresponding to
the eigenvalue A. The pair (A, ¥) is sometimes called an eigenvalue-
eigenvector pair.

Example. Consider the projection map proj- : R? — R? where
1T Mo el prig(R) = Bd 5-6-18, & L on agavdue B puojal whh e-ver B
(Y% ’
n=1|1]. Then, € 7 1 Df\‘f\foﬁvw& Yo N, ue heve p‘qﬁ\\(ﬂ='_\‘f‘zﬁ=6= oh. &, al Non-zeo Vechors N“\DOO““\ to
1

0 o Ao c\am\(u\us foc PR CcrcmPon&nj b U};(ENA\M ol

e F\me. fx=o o Spnypoce ?-Pto\');\(o).

k\,\r‘.\'«b e P‘E’)“(ﬂ-k pup;\(\ﬂ Ae Compodeo, ¥ o A Sam ot cjam‘(&cx\cbl,

Example. Let Ly : R? — R3 be the map L4(7) = Av, with

5 12 —6
A=10 =3 0
2 =2

87



