
July 19 (Lecture 17)

Overview: Our first task today is to finish up working with de-
terminants, including seeing how they relate to invertibility. After
that, we’ll move on to our last big section of content: eigenvalues and
eigenvectors of matrices!

Learning Goals:

Relate determinants to invertibility.

Precisely define and compute eigenvalues and eigenvectors of
matrices.

As you’re getting settled:

Homework 9 is due tomorrow (Tuesday), at 11:30 pm.

Homework 10 will be out tomorrow, due Friday, July 30, at
11:30 pm. It will be on material from last week and this week.

After that, our final exam is on Thursday, August 12.
More information to come closer to the beginning of the exam
period.

• CES is available !



Eigenvalues and Eigenvectors
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. S and B are both bases for C3.

Surname A-F: compute A~vi. Surname G-M: compute A~ei.

Surname N-S: compute D~vi. Surname T-Z: compute D~ei.

Take-away.
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Definition. Let A 2 Mn,n(R). If ~v 2 Rn is a non-zero vector such
that A~v = �~v, then we say that

Example.

Example. Do eigenvalue/eigenvectors always exist, for any matrix?

Let B =


0 �1
1 0

�
.

Take-away:
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1ER focusing on real quantifies

p .
348

(e- val) (e- re)
I is an eig-enau.ee for A and I is an eigenvector

for A correspondions to 7. (Sometime> we sag that (X,
E ) is an eigenvalue

- eigen rector pair ) .

For A
, 2 ,
-3

,
and I are e-rats, w / e-vecs Ù ,

À
,

Û
] .

For Diabo 2
, -3

,
I are e- rats , w/ e- reco é

, , éz , éz respectively.

For In : Let ÙER
"

be non-Zero . Then InÙ = t' = 1. Ù . So , I is an e-val for In ,
and euery non

-Zero rector is
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,
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We'll stick to real e-vais / e-vec> in this course
,

but the

Complex number> are the " natural habitat " for e-vais le- reco
.



Finding eigenvalues/eigenvectors:

Theorem (6.1.1). Let A 2 Mn,n(R).

If � is an eigenvalue of A, then
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For example ,
/et ✗ =

° a

2- |
°

7

To find
,
we heed to solve Xi -_ 7f for I and Û

.

Rewrite : xp -Ji -- Xi -✗Iaf = ( x -XI, Yi = Ô .

"Y"✓ > Yi -_ Ô
.

To guarantee that there is a non - Zero solution i to I , then we require Null (x- ✗Ia ) =/ { ô}
(ie . is non - trivial ) .

This condition is equivalent , via Thoren 3.5.4 ,
tu ✗ -✗Ia being non - invertibleu

,
or

. . .de/-(x-zIa)--O .

This new condition depends on} on 7 , so lets solve for I !

a +,
= (2-7)(-1-7)-4=-2-27+7+72 -4--12-7-6=(+3×7+2) .a- detlx - II,) = det

a -✗ a

7=3 ,
-2 are th on} e-rab for X !
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f.350
A Real number I is an erat

for A if and Orly if det (A -7in) = 0 .

ah non- Zero solutions to ( A-✗In)E- Ô

are all of K eigenvectors for A correspondiez to 7 .



Example.

Definition. Let � be an eigenvalue for A. The eigenspace for A
corresponding to �, denoted E� is

Definition. Let A 2 Mn,n(R). The characteristic polynomial of
A is

Example. Let B =


0 �1
1 0

�
be as before.
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J 12 -6 5-7 12 - 6

0 -3 0
, we have : det / A -II]) : det o -s-to

for A-=
a -a - a 2 - a - a-t

= - (3+7) def
5-7 -6

a - a.a
= - (7+3)/(5-7)(-2-7)+12)

= - (7+3)/-10+27 -57+72+12) = - (✗+3)(À -37+2 )
= - (1+3)/7- 2)(7-1)--0 .

⇒ e-vals of A are -3,2 ,
/ ( as wesawbefore) !

Computation of EigenVector> for A

5 " - °

,
1=-3,2 .

/ . What are the
eigen

rector?
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, ☐ ☐
0 °
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o o o
.
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. >
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]
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,
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°
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a-a -4 o , o o ⇒ Null (A -21]) = Span { ? } ,
so choix Ûa = q

.

O O O

✗=/ : A- (1)Iz = 4 12 - ° Fps
, I o -ya° " °

o i o o
= Null (A-I,)= Span { ?

"
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a -a -3

2
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the set of all eigenvector>
for A correspondions

to I
, aswell as the Zero Vector .

In short : Ex -- {Att) = NUMA-XI) .

p -
352

det (A-II) .

Notation : -Textbook : CH)

• Joseph : ↳ (7) (to specifyth
Matrix) .

y

✗

CDH) = det(B-TI)
-

_ det -Y = ✗ + I
, which honored roots

⇒ No real e- rats !

But : B hos complexe-vois ,
as ✗ + f- (a- illxti) .

✗= i :
-i - I ru

i -i op.
' f ,

so Edi) -- Span { ! } . similar}, Epsti) = span { Ï } .



Example. Let C =

2

4
0 1 0
0 0 1
0 0 0

3

5.

Definition. Let A 2 Mn,n(R) have an eigenvalue �. The algebraic
multiplicity of � is

The geometric multiplicity of � is

Example.
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What is GH)?

ÇA) -_ det -710
0.x ,

= (7)
'
= -Î

. Setting Cd 7) = O says that th on} e-val for C is 7=0.

O O -I (Repeated 3 times ! ) .

what is Edo) ?

% ,
in RREF ! ⇒ Edo) = Null / c- OI,) = Null(c)C - o Iz = C =

° ' °

=

span { § } .

dimension = 1 .

p. 354

th number of Times I is repeated as a root of Ca (a) .

✗
A
(7)

the dimension of th eigenspace
for 7: dim ( Ent))

. 8am

• for A
, alg. Mutt. of 7=2 ,

-3
,
I were all = 1 .

Yeo,
multi of 7=2

,
-3

,
I were all = 1 .

° For C
, alg. Mutt 0f 7=0 vos 3 .

geo.mu/tofX--0wosonY1 .

• for B
, alg.mu/tof7=i , - I are both 1 .
geo.mu/t0f7--i ,

- i are both 1 .



Theorem. Let A 2 Mn,n(R).

(6.1.2) If � is an e-val for A, then

(6.1.3) If �1, . . . ,�k are distinct e-vals for A,

Theorem (6.1.4 (3.5.4)). Let A 2 Mn,n(R). The following are
equivalent:

1. A is invertible.

11.

Proof.

Example.
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Note : that's the degree of Cala) ? Turno out , its quat to n !
So th sum of th algebraic multiplia is also quat to n -

p .
355

/ L-geo.mu/t.of7Ealg.mult . of I .

with e-vec> À . . .
.

,
ÛK

Corresponding to À /
" '

I IK respective} / then {f. , . . , vie } is lineorg dependent .

p .
355

O is not an eigenvalue for A
.

A is invertible = Nul/(A) = {ô} = Null ( A
- OIn) = la(o)

= O is not an e-val for A .

° By Thoren 6.1.4 ,
since ve know that A

,
B

,
X did not have O cs un eigervalue, Ue see

that A.B ,
X are

all invertible .

On the other hand
,
c is not invertible (which we could see Ping

RREF, etc).

O

o For A , we could compute th eigen
rector > { & , j i ? } , and by Thoren 6.1.3 ,

this set of rectus

is LI
,
so we obtain

" for free" (Bais Thm ) that its actually a bois for IR?



Eigenvalues/Eigenvectors of Linear Maps: We can define e-
vals and e-vecs for linear maps in exactly the same way as for matrices
(hence the copy/paste of the definition)!

Definition. Let L : V ! W be a linear map. If ~v 2 V is a non-zero
vector such that L(~v) = �~v, then we say that � is an eigenvalue (or
e-val) for L and ~v is an eigenvector (or e-vec) for L corresponding to
the eigenvalue �. The pair (�,~v) is sometimes called an eigenvalue-
eigenvector pair.

Example. Consider the projection map proj~n : R3 ! R3 where

~n =

2

4
1
1
1

3

5.

Example. Let LA : R3 ! R3 be the map LA(~v) = A~v, with

A =

2

4
5 12 �6
0 �3 0
2 �2 �2

3

5.
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Note that proj à (À) = rien à = n' = 1in ,
so I is an eigen value

for proj p ! with e-vec À.
Il n' 112

Then
,
if it is orthogonal to À

,
we have projn (f)

= À - À
µ ,,
,
À = Ô = Ori

.

So
,
all non-zero rectus orthogonal to

À are also eigenrectus
for projn , correspondions to eigenvalue o !

Th plane À - À -- o is th eigen space Eprojn(o) . X ]

*Writing E- projnlù) + perpùli) de composes , Y into a sum of eigen
rectus!
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