July 12 (Lecture 16)

Overview: After finishing up with linear maps between abstract
vector spaces, we'll move on to briefly studying a tool that we’ll use
in the next (and last) big section of the course, the determinant of a
matrix.

Learning Goals:

e Compute the range and null space of linear maps between ab-
stract vector spaces.

e Compute determinants of square matrices in multiple ways.

e Relate determinants to invertibility.

As you’re getting settled:

e Homework 9 is due next Tuesday (the 20th), at 11:30 pm.

e Test 2 is on Thursday! July 15. It will be available on Crowd-
mark 10:00 am to 8:00 pm Pacific time but you’ll only get 1.5
hours to do it, same as last time. I've posted practice problems
on Brightspace.

e You will be able to use (and are expected) to use a computer to
compute RREFs and matrix-multiplication on Test 2, unless a
question explicitly states otherwise.
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Determinants

We saw that for 1 x 1 and 2 X 2 matrices...
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Definition. Let A be an n X n matrix. For each row 7 and column

7, the (i, 7)-th submatriz of A, denoted A(i, 7),is the (n-1)x (n-) mabey
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Example. Let A= | 0 1 3 9| and B = . Compute
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A(1,3) and B(2,2).
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Definition. Let A be a square matrix (n x n for n > 1). We define
the determinant of A, denoted det(A), recursively:
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g% Notation. Sometimes we write det L d] = . d‘ i ol oibng. A
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Example.LetAzg ,Bzgg,andC: —1 4 3.
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Compute the determinants of A, B, and C'.
L (8)= 2 (0™ aLad) « (0™ deh 1) = 8- 11 = 4-1=3,

2 (2) 34 [3] - 4dM 1] = 3'-9= 0.
38 ()= 08P I8 [ ] L[]

= = (~13-15)+ (-3-90) = 9&-33=0.

Example. Let F' = . Compute det(F).
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Example. Let A = ) Compute det(A).
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p- 3% Theorem. Let A be a square matriz.

(5.1.2) T8 o tos o cohomd ob B o 05 e 3 (@) = 0.

(5.1.3) 16 Ao wer o \asec \’T'AO\I\D\QJ e s () = 00 g,
U—\‘m \Nm\ of ¥ man A’\DDV\A ehvaen ).

(5.1.4) dex () = ded (&)

Proof of 5.1.3. 10 & 1 wpper -, W 1% ot cxprisn.
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Example.
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More Properties of Determinants

We can use row operations to compute determinants!

p.3% 34, Theorem. Let A be a square matriz.
330
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(5.2.4) I p-—p A der(@) = Aok (a).

All of the above hold if ve ropoe "t by "coamn® (indding * cohimn seehons®).
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Example. Let A= | ~ L3 -4 4 | Compute det(A).
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P.'Z;Q‘\ Theorem (5.2.5). Let A be an n x n matriz. The following are
equivalent:

2. ook (p)=0.

10. 4 (M #0.
Proof. (=) T roak(@=0, %o RREF(R)=T, , 3 dek () = (non- 2w fodors)

-%3 + 0.
=1
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Example. Consider A = |2 4"—1| and B = [
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A, B are invertible?

Ae\r(p\\: L\(&(}f[—l —\'&j = L\(\*‘b\) =3¢ 0. —A® '\Y\\IUX{\\D\L\'

3 () (V) -(3B) = 6-6=0. =7 By b ey e
(ol W roax () =162.)
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P 295 Theorem (52.7). Lt A& € Man (R) Then dex(A@) = deb(p) dek (&),
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Example. Let A= |0 5 —2|and B= |4 2 0. Compute
0 0 —6 —2 1 3]
det(AB) \)b@ ’T\Q/O(‘u‘(\ 69'.} \ , . "y ~ 309
A} (68) - de (M) e (8) = (VX)) & = -30de| ?2]
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2 _3p(R)der [:’ jj = _0 (Q1+8) = -134D.
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