July 5 (Lecture 14)

Overview: Many of the same concepts we had for R" hold also for
abstract vector spaces! And we’ll finally start to define dimension,
and see why holding off on the definition means we can see it as a
much more general concept than previously.

Learning Goals:

e Identify abstract vector spaces (and subspaces thereof) and ex-
plain how the definitions apply in different contexts.

e Work with spanning sets, linear independence, and bases in
abstract vector spaces.

e Precisely define dimension of a vector space.

As you’re getting settled:

e Homework 8 is out, due Friday, July 9.

e Heads up: Test 2 is next week! Thursday, July 15. We'll be
using the same test format as Test 1 in terms of availability
period, duration of the test, rough number of questions, etc.
Material to be assessed will be finalized on Thursday:.
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Example. Is p(z) = 2z — x° an element of

span {1+ x, 2 +2°,1 —x — 2°}?

Solution.
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P30 Definition. Let V be a vector space. A subset S C V' is a spanning
set for V' when

IfS={v,...,0:} CV, then S is linearly dependent when

A basis for a vector space V' is

Note.| Since subspaces are vector spaces, the above definitions apply
to subspaces.
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Example. Find bases for each of the following subspaces.
1. span {1+ 22?, —z,2 — 3z + 42°} C Py(R)

2. {0} (where 0 is in some vector space V)

a b
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- 830 Theorem (4.3.1). Let B = {v1,...,Ux} be a spanning set for a
vector space V. T\ wew Vedo 1w V can oo tadlen 0o & Unispe LG o Vo Vg
e ond w\43 RN ﬂ,w\b \n&pu\du\\

Proof.

d 1 S )
o B~C_00Vé\'\r\&(‘o °Q v Vi

P. 34 Definition. Let<B = {U1, ..., U} be a basis for a vector space V.
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Definition. Let V' be a vector space. If V' has a basis with finite

size, then the dimension of V', denoted dim(V'), is Y s2e o on
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Example. Revisiting Theorems 3.4.5/7/8: 10 A€ Mpa (R, den:

« dien (G (BY) = vank (A) = dim (Ronr(aY)
o dim ( ) = n-vank(A)
o din (WML = M- rmnk (A)

Example. Find a basis for V = {p(z) € B(R) : p(=1)=0} and
extend it to a basis for P»(R). What is dim(V)?
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