June 14 (Lecture 10)

Overview: The bulk of today will be spent on looking at how
various geometrical operations in R? and up can be seen as linear
maps! Then we’ll get started on subspaces associated to linear maps
and matrices (more connections between all of these “linear” things).

Learning Goals:
e Identify certain geometric transformations as linear maps.

e Compute subspaces associated to linear maps and matrices.

As you’re getting settled:

e [ hope Test 1 went well for everyone! Marking i w progrees, sill- &
e Homework 5 is due Tuesday night, 11:30 pm Pacific as usual.

e Homework 6 will be out Tuesday during the day.



Subspaces Associated to Linear Maps/Matrices
e Non-homog. SLE AZx = b: “Is b the output of f47”

e Homog. SLE A% = 0: “Does f4 send 7 to 07"

pii2  Definition. Let L : R" — R™ be a linear map. The range (or
image) of L is Casvp (V)= % LG ke RS,

0413 The nullspace (or kernel) of L is N\ ()= 3 X e ® © L(3)=0%.

Example. Let R/, : R* — R? be CCW rotation by /4.
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Example. What are Range(proj;) and Null(projy), if 0 = [ ) ?
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p.lord Theorem (3.4.1). If L : R" — R™ is linear, then L(ﬁ) — 0.

Proof. L(3) Lo DS’ 0-L(®)= . .
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paay-\ad  Theorem. Let L : R" — R™ be a linear map, with standard
matriz [L].

(342) Rtmse, (D) » b\»\obpaw of R™.

(343} Nul (L) » « N\Ob\pc\% of R,

(344) X ¢ Kw‘at(\—\ Wb ond Or\\a Xy & LG ob A colamny of KRy

(3.4.6) % eNA () b ad oo ¢ (120
Proof. % 313, 343 Renge (D ed NldDore novempy oy 34l 1 s R, LIK and
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p.ss, Definition. Let A € M, ,(R). The four fundamental subspaces
associated to A are:

e the column space of A, denoted Col(A):

% AL: XERE < spon ¢ e of A = QMUC (5) ¢ /™.
e the nullspace of A, denoted Null(A):

%iu@“ TAg 9% = WA (5,) & R,
e the row space of A, denoted Row(A):

o s o A3 s V() € RN
e the left nullspace of A:
S3e R % TR=0TE: N () g
T\
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Note.
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four fundamental subspaces for A. i

Example. Let A = . Compute each of the
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p. 15,84, Theorem. Let A € M, ,(R). The number of vectors in a basis
9% for each of the fundamental subspaces is:

(3.4.5) (A (B): ronk(n)
(3.4.7) Nah(2): 8 conk (o).
(5.4.8) Raa(®)* vank (8)-

* N\ (") - roak (A,

Proof.
PoaW LAY = 2 Lyding oo 10 RRES G, A = buos o Co\ (1),

S ¥ non-2eo0 (v w RREE & A = oo for Rou (A).
LI COVAU I R i SRV TA' W R VNP W & B = — b e (Y,
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p.20v  Theorem (3.4.9, Rank-Nullity Theorem). Let A € M, ,(R). If

there are k vectors in a basis for Null(A), then rak(a)+ \=n.
4.3

Proof. Taat (o) \ g‘cw&h\w W - vonk(A) =\ | 7

Example. Suppose that B is a non-zero 3 X 7 matrix. What can
you say about the number of vectors in a basis for Col(B) or Null(X)?
B
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Note.
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Summary. Let A be an m x n matrix, B the RREF of A, and C
the RREF of AT

Subset Notation Abstract description | Concrete description
Column Col(A) bst. AT=10b P S Sl o B Cornopdiany
tolumny of By Wi Q,uAna sowe-
space CR™ for some ¥ € R
Row space | Row(A) = Col(AT) | ¢ést. Alv=2¢ —
C R” — §rA=¢"
Null space Null(A) T st.|AZ =0 g 63 s e o 8228,
C R"
Left null Null(AT) gst. ATy =0
space CR™ — gTA=0"

\(E\\I

Theorem (3.4.10, Fundamental Theorem of Linear Algebra).

Let A € M, ,(R).

We have:

£ Null(4) = $3eR %o bl P et

*l ,‘ 0\\\060“ 0\
CDN\‘{)\'\{‘M AN " 2.

‘\'L‘A\ﬁm\k j

Null(AT) =

3. If By is a basis for Row(A) and By is a basis for Null(A),

ok s LoD

o Dok o S\t
\o&\%\u . 4 .

then %\\\%9 W 0 \oeors (;0( R“~

If B3 is a basis for Col(A) and By is a basis for Null(A?),

then 933\36“ w o oon ke |
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